Selective and Collective Actuation in Active Solids
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Active solids consist of elastically coupled out-of-equilibrium units performing work!='3. They are
central to autonomous processes, such as locomotion, self-oscillations and rectification, in biolog-
ical systems!'4 2%, designer materials?® and robotics?”3'. Yet, the feedback mechanism between
elastic and active forces, and the possible emergence of collective behaviours in a mechanically
stable elastic solid remains elusive. Here we introduce a minimal realization of an active elastic
solid, in which we characterize the emergence of selective and collective actuation and fully map
out the interplay between activity, elasticity and geometry. Polar active agents exert forces on the
nodes of a two dimensional elastic lattice. The resulting displacement field nonlinearly reorients
the active agents. For large enough coupling, a collective oscillation of the lattice nodes around
their equilibrium position emerges. Only a few elastic modes are actuated and, crucially, they are
not necessarily the lowest energy ones. Combining experiments with the numerical and theoret-
ical analysis of an agents model, we unveil the bifurcation scenario and the selection mechanism
by which the collective actuation takes place. Our findings may provide a new mechanism for
oscillatory dynamics in biological tissues'® and specifically confluent cell monolayers'41%24, The
present selection mechanism may also be advantageous in providing meta-materials3?, with bona
fide autonomy33.

13 ¢ feedback, a typical realization of which is the contact

inhibition locomotion (CIL) of cells'*'?, opens the path

Active solids ombine the central properties of sim-
ple elastic solids and active liquids®* 3 (Fig.1-a). On
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one hand the positional degrees of freedom of their con-
stituting units have a well-defined reference state. On
the other hand activity endows these units with an ad-
ditional free degree of freedom in the form of polar, or
dipolar, active forces. In active liquids, aligning interac-

towards spontaneous collective excitations of the solid,
which we shall call collective actuation. In this work
we propose a minimal experimental setting and numer-
ical model, in which we unveil the modal selectivity of
collective actuation and its underlying principles.

tions between these forces lead to collective motion. In
active solids these active forces deform the elastic ma-
trix, and induce a strain field, which depends on the
forces configuration. This strain tensor will in turn re-
orient the forces. This generic nonlinear elasto-active

We consider crystalline lattices with, at the center of
each node, an active particle with a fluctuating orien-
tation (Fig.1-b and Methods). Each node has a well
defined reference position, but will be displaced by the
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FIG. 1.
reference state, and a free to rotate polarity vector in the direction of the active force. b, Active unit : a hexbug is trapped
in a 3d printed cylinder. ¢, The active component, here confined in a linear track and attached to a spring of stiffness k,
produces an active force of amplitude Fy in the direction of the polarity 7i and elongates the spring by a length l. = Fy/k.
d, The hexbug aligns toward the displacement, here imposed manually, of the cylinder (see Supplementary Information for

Design principle and Collective Actuation. a, Active solids have positional degrees of freedom with a

a quantitative measure of the reorientation length [,.). e,f, When embedded in a 2d triangular (e) or kagome (f) elastic
lattice, pinned at its edges, the nonlinear coupling drives the system towards collective actuation dynamics (red arrows:
polarities 7i;; trajectories color coded from blue to red by increasing time; scale bars: 10 cm.
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FIG. 2. Selectivity of the actuated modes a, Spectral
decomposition of dynamics on the normal modes of the (top)
triangular and (bottom) kagome lattices, sorted by order of
growing energies (grey: experiments; blue: numerics). The
horizontal dashed lines indicate equipartition. The bottom
color bars codes for the symmetry class of the modes (Sup-
plementary Information section 6). b, Sketch of the two most
excited modes, which are not necessarily the lowest energy
ones. ¢, Normal modes components of the active forces as
a function of the normal modes components of the displace-
ments (blue/red : projection on |p, 5), grey : other modes).

active particles (Fig.1-c). In contrast, the polarization
of each particle is free to rotate and reorients towards its
displacement (Fig.1-d, Supplementary Information sec-
tion 2.2.2 and Movie 1). This nonlinear feedback be-
tween deformations and polarizations is characterized
by two length-scales: (i) the typical elastic deformation
caused by active forces [, (Fig.1-b) and (ii) the reorienta-
tion length I, (Fig.1-c). If not hold, such an active solid
adopts a translational and/or rotational rigid body mo-
tion (see Supplementary Information section 1, Movies 2
and 3), as also observed in theoretical models®%16. Here
we are interested in stable elastic solids, with no zero-
modes. We therefore explore the emergence of collective
dynamics in a triangular (Fig.1-d) and a kagome (Fig.1-
e) lattice, pinned at their edges. We observe that all the
lattice nodes spontaneously break chiral symmetry and
rotate around their equilibrium position in a collective
steady state (Fig.1-d,e and Movies 5,8). This dynamical
and chiral phase is reminiscent of oscillations in biolog-
ical tissues'®?*. It is clearly different from collective
dynamics in active fluids®>*3® and rigid body motion in
active solids®?9.

In the remainder of the manuscript, we unveil the modal
selectivity of this collective actuation and develop the
key elements of its understanding. To do so, we com-
plement the experiments with numerical simulations
(Methods) of harmonically coupled self-aligning active
particles®. In the over-damped, harmonic and noiseless
limit, the model reads:

’l'l/i = 7T’fl,¢ - Mi]"u,j (11)

hi = —('fL, X Mij’u]‘) X ’fli,
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FIG. 3. Transition to collective actuation in the trian-
gular (left) and kagome (right) lattices. a,b, Average
oscillation frequency Q as a function of 7 (plain bullets: ex-
periments; open circles: numerics). Background colors code
for the dynamical regime (light blue: frozen and disordered;
light green: heterogeneous (H); dark green: collective ac-
tuation). Triangular: 7pp = 0.800, mca = 1.29; kagome:
mrp = 0.564, mca = 0.600. c, Individual oscillation frequen-
cies w; illustrating the coexistence dynamics in experiments
and numerical simulations; (triangular lattice: Texp /ﬂ'num =
1.22/1.09; kagome lattice: Texp/Tnum = 0.723/0.564).

where the ratio of the elasto-active and reorientation
lengths, m = l./l,-, which we refer to as the elasto-active
feedback, is the unique control parameter. 7i;’s are the
polarization unit vectors, w; is the displacement field
with respect to the reference configuration and M is the
dynamical matrix (Supplementary Information section
3.1).

The dynamics are best described when projected on the
normal modes of the elastic structure sorted by order of
growing energies. The dynamics condensate mostly on
two modes (Fig. 2-a,b), and describe a limit cycle driven
by the misalignment of the polarity and the displace-
ments (Fig. 2-¢). In the case of the triangular lattice,
the selected modes are the two lowest energy ones. In-
terestingly, in the case of the kagome lattice, these are
the fourth and fifth modes, not the lowest energy ones.
For both lattices, the selected pair of degenerated modes
are strongly polarized along one spatial direction; they
are extended and the polarization of the modes in each
pair are locally quasi-orthogonal (Fig. 2-b). The numer-
ical simulations confirm the experimental observations
and allow for the observation of additional peaks in the
spectrum, which belong to the same symmetry class as
the two most actuated modes (Fig. 2-a,b, Supplemen-
tary Information section 6). As we shall see below these
properties are at the root of the selection principle of
the actuated modes.

The transition to the collective actuation regime (Fig. 3-
a,b) is controlled by the elasto-active feedback. The
larger it is, the more the particles reorient upon elastic
deformations. Below a first threshold wrp, the active
solid freezes in a disordered state, with random polar-
izations and angular diffusion (Movies 4,7). Beyond a



FIG. 4. Single active unit dynamics. a, One active unit
connected to the three static vertices of a regular triangle
(red arrow: polarity #; trajectories color coded from blue
to red by increasing time; scale bar: 10 cm). Inset: zoom
on the active unit. b, Average rotation frequency 2 as a
function of 7; as measured (e), compared to the analytical
expression of Eq.(2) (continuous line) and its correction in

the presence of a constant bias (dot-dashed line). 7™ =
me ™ = mpp = mca = 1.77. c, Phase space structure of

the displacements: for 7 < w? an infinite set of marginal
fixed points forms a circle of radius R = 7/wé; for 7 > wg,
all such fixed points are unstable and a limit cycle of radius
R= (7r Jwi )1/ ? branches off continuously.

second threshold 74, collective actuation sets in: ho-
mogeneous rotation takes place and the noiseless dynam-
ics follow a limit cycle, composed of several frequencies
in rational ratio (Supplementary Information, section
9.2). In between, the system is heterogeneous (Fig. 3-c
and Movie 8), with the oscillating dynamics being fa-
vored close to the central node, while the frozen disor-
dered regime invades the system layer by layer, from the
pinned edges towards the center, as m decreases (Movie
11).

Altogether our experimental and numerical findings
demonstrate the existence of a selective and collective
actuation in active solids. This new kind of collective
behaviour specifically takes place because of the elasto-
active feedback, that is the reorientation of the active
units by the displacement fields. The salient features
of collective actuation are three-fold: (i) the transition
from the disordered phase leads to a chiral phase with
spontaneously broken symmetry; (i) the actuated dy-
namics are not of inertial origin and take place on a few
modes, not always the lowest energy ones, and there-
fore obey non-trivial selection rules; (iii) the transition
follows a coexistence scenario made of successive de-
actuation steps. In the remainder of the paper, we unveil
the physical origins of these three attributes.

The nature of the transition towards the chiral phase
is best understood from considering the dynamics of a
single particle (Fig. 4-a,b and Movies 9 and 10), which
exhibits a transition to collective actuation in its sim-

plest form: the transition is continuous and only involves
two degenerated and orthogonal normal modes. The dy-
namics can be solved analytically (Supplementary Infor-
mation section 5). One predicts a continuous pitchfork
bifurcation for the frequency, from the frozen disordered
regime to the collective actuation one. The oscillation
frequency is given by

Q = wovm — 7, (2)

where wy is the eigenfrequency of the degenerate modes,
and 7. = w? is the critical elasto-active feedback. Be-
low 7., the phase space structure for the displacements
is composed of an infinite set of marginal fixed points,
organized along a circle of radius R = 7/w. At 7., all
such fixed points become unstable and a limit cycle of

radius R = (7/ w%)l/ ? branches off continuously (Fig. 4-
¢). Note that the oscillations result from the rotational
symmetry of the polarity, and not from a Hopf bifurca-
tion characterized by the onset of conjugated complex
eigenvalues in the linearized dynamics.

Understanding how the nonlinear coupling of N such
elementary units leads to the selection mechanism of
the actuated modes requires a more involved analy-
sis.  Ome sees from Egs. (1) that any configuration
({ﬁz} , {ul = wMi_jlﬁj}) is a fixed point of the dynam-
ics. In contrast with the one particle case, the lin-
ear destabilization threshold m.({7;}) depends on the
fixed point configuration (Supplementary Information
section 4.4). These thresholds are bounded 7" <
m({f;}) < we*. A first fixed point becomes unsta-
ble for 7 = 7t = 2. = where w2, is the smallest
eigenvalue of the dynamical matrix M (Supplementary
Information section 4.5) and an upper bound for 7@
(Supplementary Information section 4.6) reads :

w? 4 w?
7"PP = min [ ——2— |,
{igy \ c(leq), [e;))

The function c(e, ®) only depends on the eigenvectors of
M, {|¢;)}. It is bounded between 0 and 1 and is maximal
when the modes |¢;) and |p;) are extended and locally
orthogonal. More specifically, the pair of modes which
dominates the dynamics, {|¢;), |¢@,)} for the triangular
and {|¢,), |ps5)} for the kagome lattice, are precisely
the ones that optimize the bound. The construction
of this bound is very general. It demonstrates that for
any stable elastic structure, there is a strength of the
elasto-active feedback above which the frozen dynamics
is unstable and a dynamical regime must set in. It also
captures the mode selection in the strongly condensed
regime. Our findings about the linear stability of the
fixed points for the triangular and kagome lattices are
summarized in Extended Data Fig.1.

(3)

That some fixed points loose stability does not imply
that collective actuation sets in: from these fixed points,
the system can either slide to a neighboring stable fixed
point or condensate on some dynamical attractor. An
exact theory to describe this condensation process is still
missing in the general case, but can be formulated in the
simpler, yet rich enough, case of a linear chain of N ac-
tive particles, fixed at both ends. In the zero rest length
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FIG. 5. Collective actuation in a zero rest length
chain of N nodes, pinned at both ends. a Aver-
age oscillation frequency €2 as a function of 7 for N = 7
(continuous line: limit cycle found analytically; horizon-
tal lines (2 = 0): range of existence of only stable (con-
tinuous), only unstable (dashed) and coexisting stable and
unstable (dot-dashed) fixed points; open circles: numerical
data; same background color as for Fig. 3). 72" = 0.152,
met* = 0.280, moPP = 0.304, mrp = 0.195, mca = 0.426.
(b), Individual oscillation frequencies w; for increasing val-
ues of m = [0.20,0.33,1.0], in the N = 7 chain. Radii of
the symbols code for the average trajectory radius. Black,
respectively gray, contours indicate R; > 1 and R; < 1.

limit of the springs, the rotational invariance of the
dynamical equations ensures that the eigenvalues and
eigenvectors of the dynamical matrix are degenerated by
pairs of locally orthogonal modes. In such a situation,
the limit cycle solution, corresponding to the collective
actuation regime, is found analytically (Supplementary
Information, section 8.2), leading to a precise transition
diagram, illustrated here for N = 7 (Fig.5a). When 7
exceeds the threshold value 7¢ 4, the limit cycle is sta-
ble. If mca < m < 7" it coexists with an infinite
number of stable fixed points. The evolution of their re-
spective basins of attraction can be largely understood
by studying the N = 2 case (Supplementary Informa-
tion section 8.3.1 Fig. S9). For 7 < m¢ 4, the dynamics
leave the limit cycle and become heterogeneous.

The physical origin of the spatial coexistence lies in the
normalization constraint of the polarity field, ||7;|| = 1,
which translates into a strong constraint over the radii of
rotation, namely R; > 1 (Supplementary Information,
section 8.2.3 and 8.2.4). Whenever R; becomes unity
the polarity and displacement vectors become parallel,
freezing the dynamics. The spatial distribution of the
R; is set by that of the modes selected by the collective
actuation, with particles closer to the boundaries having
typically a smaller radius of rotation than the ones at
the center. The threshold value w4, below which the
dynamics leave the limit cycle, is precisely met when
the particles at the boundary reach a radius of rotation
R = 1. For m < moa, the competition between outer
particles, which want to freeze, and the central parti-
cles, which want to cycle, leads to the sequential layer
by layer de-actuation, illustrated in Fig. 5b for a linear
chain with N = 7 and observed experimentally. The
threshold value mgp is reached when, eventually, the re-
maining particles at the center freeze and the system
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FIG. 6. Large N triangular lattices. a Spatial and ra-
dial variation of the individual oscillation frequencies w;,
for 7 € [1.5,1.6,1.7,1.8,1.9,2.0,2.5,3.0,5.0,10,30], in the
case N = 1141, color coded from light to dark green.b
Collective actuation fraction fca as a function of 7 for
increasing N (Inset: fca at onset of collective actuation
saturates to a finite value at large N). ¢ Collective os-
cillation frequency €2 as a function of m for increasing NN.
N =17,19,37,61,91,127,169, 217,271,631, 1141, color coded
from light to dark blue.

discontinuously falls into the frozen disordered state.

The above analysis provides the theoretical grounds for
all our experimental observations and gives our model
the credit needed to investigate numerically the effect of
the system size and the role of the noise.

Preliminary simulations with increasing values of N,
while keeping the physical size L constant (Methods), in-
dicate that collective actuation subsists for large N. The
successive de-actuation steps converge toward a regular
variation of both the fraction of nodes activated in the
center of the system, foa, and the collective oscillation
frequency, 2 (Fig. 6 and Movie 12). At the transition to
the frozen disordered state, when m = wrp, the fraction
of actuated nodes drops discontinuously to zero, from a
finite value f¢ 4, which decreases with IV, but saturates
at large N (Fig. 6b). On the contrary the collective
oscillation frequency €2 decreases continuously to zero
(Fig. 6¢). The condensation level remains large, with a
condensation fraction close to 60% for a wide range of
values of 7 (Extended Data, Fig. 2). These results offer
promising perspectives for the extension of our work to
colloidal science and material design in general.

The role of noise, which was not considered in the nu-
merical and theoretical analysis, is another matter of
interest. In the frozen disordered regime, the noise is
responsible for the angular diffusion of the polarities
amongst the fixed points. In the collective actuation
the noise level present in the experiment does not al-
ter significantly the dynamics. Numerical simulations
confirm that there is a sharp transition at a finite noise



amplitude D., below which collective actuation is sus-
tained (Extended Data Fig.3-a). For noise amplitude
much lower than D., the noise merely reduces the mean
angular frequency Q (Extended Data Fig.3-b) . Closer
to the transition, the noise allows for stochastic inver-
sions of the direction of rotation, restoring the chiral
symmetry. (Extended Data Fig.3-c).

Finally, it has been shown very recently, that non recip-
rocal interactions, which are made possible in active sys-
tems, generically lead to chiral phases®!, via a peculiar
type of bifurcation, called exceptional points bifurcation.
Here the individual polarity and displacement vectors do
experience a non reciprocal interaction (Methods). It is
therefore likely that the associated macroscopic fields are
also coupled non-reciprocally. If this is confirmed by a
proper coarse-graining procedure, it calls for the inves-
tigation of the disordered to chiral phase transition in
active solids, which has not been addressed theoretically
yet. In the same vein, one may ask wether the coarse-
grained system shall obey standard or odd elasticity'3.

More generally, the recent miniaturization of au-
tonomous active units*? opens the path towards the ex-
tension of our design principle to the scale of material
science. In this context, extending the relation between
the structural design of active materials — including the
geometry and topology of the lattice, the presence of dis-
order, the inclusion of doping agents — and their spon-
taneous actuation offers a wide range of perspectives.
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