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Learning general pair interactions between
self-propelled particles

Jérôme Hem, ab Alexis Poncet, c Pierre Ronceray, d Daiki Nishiguchi ef

and Vincent Démery *ac

Synthetic active matter systems, such as active colloids, often have complex interactions, which can be

of hydrodynamic, chemical or electrostatic origin and cannot be computed from first principles. Here,

we use stochastic force inference to learn general pair interactions, including transverse forces and

torques, between self-propelled Janus particles from experimental trajectories. We use data from two

experiments: one where the particles flock, and one where the system remains disordered. The learned

interactions are then fed to numerical simulations, which reproduce all the experimental observables

and could be extrapolated to different densities. Overall, we find that the radial interaction is mostly

repulsive and isotropic, while the angular interaction has a richer angular dependence, which controls

the behavior of the system; the transverse interaction is negligible. Finally, testing the symmetry relations

obeyed by the inferred interactions allows us to show that they cannot come from electrostatics only,

so that they must have a hydrodynamic component.

1 Introduction

The field of active matter has emerged as a framework to
describe living systems as diverse as bacterial colonies,1,2

schools of animals3–5 or human crowds.6–8 To help the develop-
ment of new models, it was soon realized that synthetic active
matter systems were needed to perform better controlled
experiments.9 Focusing on self-propelled polar particles, experi-
mental realizations have already used vibrated disks,10,11 swim-
ming droplets,12–14 as well as rolling and suspended colloids.15,16

In particular, Janus particles propelled by a vertical electric field
through induced-charge electrophoresis17–19 are very attractive
model systems, with rich collective behaviors that depend on
tunable pair interactions.20–26 However, despite being well con-
trolled, computing the interactions between the particles in these
systems is very challenging. For example, in the case of Janus
particles propelled by an electric field, hydrodynamic interactions
were sometimes neglected and only electrostatic interactions were
taken into account,20,22,26 but these can only be computed under
several approximations, among which is the hypothesis that the

two colloids are far from any boundary. Considering that the
particles are actually in the vicinity of an electrode, this is a rather
crude assumption. Similarly, the hydrodynamic flow around a
particle can be computed from the Stokes equation, assuming
that the particle is far from any other particle and far from the
electrodes.19 If the interactions cannot be computed but their
knowledge is essential to understand the behavior of the system,
they need to be measured in experiments. This approach is
routinely used for the self-propulsion speed U, which is always
measured in experiments in the dilute regime but never com-
puted from first principles. Although the methods to extract one
particle parameters such as U are usually quite straightforward, a
mean value obtained from a distribution, they cannot be readily
applied to measure the interactions because of the many supple-
mentary degrees of freedom. Instead, one needs to develop more
sophisticated methods that have the ability to measure the
interactions in the presence of multiple source of noises, which
are always present in experiments on colloidal systems.

To measure the interactions from experimental trajectories,
many approaches can be followed. One, which gained in
popularity over the last years, is neural networks based
machine learning (NN) techniques, where the interactions are
encoded in a neural network.27 Already several attempts have
been made for colloidal systems: the radial pair interaction
between colloids has been measured in ref. 28, whereas the
coarse-grained hydrodynamical model has been inferred
directly in ref. 29 and 30. One can also find model-free NN
techniques whose goal is to forecast the dynamics. For example
the authors in ref. 31 successfully predicted the dynamics of

a Gulliver, UMR CNRS 7083, ESPCI Paris, Université PSL, 75005 Paris, France
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complex particle assemblies up to few seconds. Besides, it is
worth mentioning the existence of other promising frameworks,
based on NN techniques or not, which focus on the inference of
specific dynamical quantities, such as memory kernels for the
generalized Langevin equation32 or specific potentials.33,34

In this article, we choose another approach called stochastic
force inference (SFI).35 This framework relies on an explicit and
robust denoising process, based on Ito–Stratonovich conver-
sion, which is designed to disentangle the deterministic force
and the intrinsic and measurement noises. It is then followed
by a standard fitting procedure where the displacements
and the diffusion are decomposed on a basis. This robustness
against different source of noises makes it specifically relevant
for the study of experimental colloidal systems. To date, in the
field of soft matter, this approach has been used only to infer
the underdamped dynamic of a single particle36 although, in
principle, it can be applied to large assemblies. For example,
ref. 35 demonstrates the inference of isotropic radial pair
interactions between simulated active polar particles.

Here, we use SFI to determine the most general pair inter-
actions between self-propelled Janus particles from the experi-
mental trajectories. These particles have metallic and dielectric
hemispheres, and the difference in their electric properties
generates horizontal self-propulsion when an AC vertical elec-
tric field is applied. By tuning the frequency of the electric field
and the ion concentrations of the suspending fluid, we can
fine-control the self-propulsion direction and the interactions
among the particles, which can realize various collective
behaviors.20,25 Typically, at low frequencies t30 kHz, the Janus
particles propel with their dielectric side forward due to
induced-charge electrophoresis (ICEP). In contrast, for high-
frequencies \30 kHz, the particles move with their metal side
forward due to self-dielectrophoresis (sDEP). We consider two
different experiments.23,24 The first one, denoted set A in what
follows, contains a rather high density of particles (area fraction
fA = 0.097) at high frequency, which form a flock with true long

range polar order and giant number fluctuations24 (Fig. 1(a)).
In this set, the high density of particles makes the inference
challenging, as it requires to disentangle the forces from
the different sources of noise and between many particles.
In contrast, the second dataset, denoted set B, contains a lower
density of particles (fB = 0.04), at low frequency, with the
addition of ions to realize weaker interactions, and the system
remains in a disordered state23 (Fig. 1(b)). This is evidenced
either in a movie, where many collisions between the particles
can be observed, or in the radial pair correlation function g(r),
where particles are observed in close contact (Fig. 1(d)). Here,
the inference is challenging because of the weak interactions
that take place at short distances between the particles.

This article is structured as follows. In Section 2, we define
the model and the interactions to consider for the self-propelled
particles. Then, we recall the core mechanism of SFI and the
functional basis we used to decompose the forces. In Sections 3
and 4, we run SFI and discuss the inferred pair interactions,
respectively for the flocking and the disordered experiments.
In both cases, the quality of the inference is assessed by running
numerical simulations with the inferred interactions, so as to
reproduce quantitatively the experimental observables. Specific to
the flocking system, we show in addition that it is possible
to extrapolate the dynamics at different densities, which could
be useful for example to predict the transition between the
disordered and the ordered states. Finally, in Section 5, we discuss
the possible origins of the interactions. The basis used to describe
the interactions is chosen to satisfy general symmetry relations.
If the interactions were purely electrostatic, they would derive
from a potential and several additional symmetry relations would
be satisfied. In the flocking experiment, we show that the first
order harmonic terms of the interactions can be explained by a
dominant electrostatic interaction but that the higher order terms
cannot, which proves that another contribution, probably of
hydrodynamic origin, should be present, supporting the flocking
mechanisms discussed in ref. 24. For the disordered experiment,

Fig. 1 (a) and (b) Snapshots of size 200 � 250 mm2 for the two sets A and B. The colored rings surrounding the particles indicate the value of the polar
angle jA [0, 2p]. The direction j = 0 is along the horizontal axis. Note that for set A, the particles move with the metallic (dark) face ahead whereas for set
B, they move with the dielectric (white) face ahead. (c) Notations for the relative distance and orientations between particles 1 and 2 moving with the
white face ahead; the blue arrows indicate the direction of the self-propulsion. (d) Radial pair correlation function g(r) for the two sets A and B. The gray
area indicates the range r/s o 1 with the particle diameter s = 3.17 mm in both cases.
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the lack of symmetry relation at any order suggests instead a strong
hydrodynamic component compared to the electrostatic one.

2 Method
2.1 Model

Modeling and determining general interactions between the
particles is challenging, mainly because of the many degrees of
freedom. However, the range of possibilities can be drastically
reduced if we assume the particles identical and consider only
pairwise interactions. Considering particles moving in two
dimensions, these assumptions reduce the effect of the particle
2 on the particle 1 to the presence of an additional velocity v and
an angular velocity o. These velocities enter in the overdamped
equations of motion for the position ri(t) and orientation ji(t)
of the particle i as:

_riðtÞ ¼ UejiðtÞ þ
X
jai

v ri � rj ;ji;jj

� �
þ

ffiffiffiffiffiffiffi
2D
p

ZiðtÞ; (1)

_jiðtÞ ¼
X
jai

o ri � rj ;ji;jj

� �
þ

ffiffiffiffiffiffiffiffi
2Dr

p
xiðtÞ: (2)

In eqn (1), the first term represents the self-propulsion,
U being the self-propulsion speed and ej the unit vector
pointing in the direction j (Fig. 1(c)), the second term repre-
sents the translational effect of the interactions, and the third
term represents the translational noise, with diffusion coeffi-
cient D, (Zi(t))i=1,. . .N being Gaussian white noises with unit
variance. In eqn (2), the first term represents the rotational
effect of the interactions and the second term represents the
rotational noise, with diffusion coefficient Dr, (xi(t))i=1,. . .N being
Gaussian white noises with unit variance. Note that the term
‘‘velocity’’, which is used for U, v and o, corresponds to the
‘‘drift’’ in the framework of stochastic differential equations.
The interaction velocity v and angular velocity o are the
products of the translational and angular mobilities with the
interaction force and torque; the velocities are the natural
outcome of the analysis of the trajectories and we refer to them
as the ‘‘interaction velocities’’ or as the ‘‘interactions’’. Note
that we assume that the diffusion coefficients do not depend on
the presence of neighboring particles; this is a common
assumption and assessing its validity is beyond the scope of
this work.

Further assuming the rotational invariance of the system,
these quantities depend on the distance r = |r| between the
particles, with r = ri � rj, and on their orientations yi and yj with
respect to r (Fig. 1(c)). Last, the interaction velocity v can be
decomposed in a component along r, vr, and a component
perpendicular to it, vy:

v(r, y1, y2) = vr(r, y1, y2)er + vy(r, y1, y2)ey; (3)

the unit vectors er and ey are defined in Fig. 1(c). Altogether, the
interactions are encoded in three scalar functions of three
scalar variables, vr(r, y1, y2), vy(r, y1, y2) and o(r, y1, y2).

2.2 Stochastic force inference

The stochastic inference formalism of ref. 35 and 37 proposes
several estimators to reconstruct the drift velocities as well as
the diffusion part of eqn (1) and (2). In particular, ref. 35
provides a proof of concept of model inference in the case of
self-propelled particles with isotropic interactions, which we
expand here to anisotropic interactions and apply to real data.
We now briefly recapitulate the main features of SFI in this
context.

The input of SFI is twofold: on the one hand, the set
of trajectories, i.e. of state variables xi(t) = (ri(t), ji(t)) of all
particles i, recorded at successive times t0, t1, t2. . . with total
step number Nt and time interval dt = tn+1 � tn between frames.
We denote here X(t) = {xi(t)}i=1. . .N the state of the full system at
time t. On the other hand, it requires a set of basis functions†

{ba(X)}a=1. . .Nb
to fit the drift with, which we split here into

single-particle terms (the self-propulsion) and two-particle
terms (the interactions). We discuss the choice of these func-
tions in Section 2.3. The main output of SFI are fit coefficients
F̂a for the drift field, which can then be reconstructed as

F̂ðXÞ ¼
P
a
F̂abaðXÞ.

SFI provides several estimators for the coefficients F̂a, which
require the evaluation of a stochastic integral. We have used
here the Stratonovich estimator, whose robustness against
measurement errors yielded the best results on our data.
Specifically, it consists in:

F̂a ¼
XNb

b¼1
G�1
� �

ab vb þ wb
� �

(4)

where we have used the Gram matrix Gab ¼ Nt
�1PNt

t¼1
ba

ðXðtÞÞ � bbðXðtÞÞ, the nonequilibrium velocity fit coeffi-

cient va¼ 2Ntdtð Þ�1
PNt

t¼1
½XðtþdtÞ�XðtÞ� baðXðtÞÞþbaðXðtþdtÞÞ½ �

(which is odd under time reversal and thus captures irreversi-

bility) and the ‘‘equilibrium’’ term wa¼Nt
�1PNt

t¼1
D̂ðtÞ �rbaðXðtÞÞ

(which is even under time reversal). Here D̂(t) = [dX(t)2 + dX(t +
dt)2 + 4dX(t)dX(t + dt)]/(4dt), with dX(t) = X(t + dt) � X(t), is the
noise-corrected instantaneous diffusion estimator introduced
by Vestergaard et al.38 In practice, the diffusion on the particle
positions is too small to be measured with the experimental
temporal resolution as the displacement due to diffusion

between two frames,
ffiffiffiffiffiffiffiffi
Ddt
p

, is much smaller than the displace-
ment due to self-propulsion, Udt. As a consequence, we set D = 0
and retain only a constant rotational diffusion coefficient Dr.
This greatly reduces the algorithmic complexity, leading to a
scaling as O(NtNb) fit function evaluations, each of which costs
O(N2). Assuming that the interactions and the fit functions
vanish for an interparticle distance r 4 rmax, we use a cell-list

† Note that we adopt here the formalism of ref. 37 where basis functions are
vectors and fitting coefficients are scalar, which allows more control over
symmetries compared to ref. 35.
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type algorithm, as in many-particle simulations, to reduce this
last cost to O(N).

Finally, SFI provides guidance regarding the amount and
quality of data needed to perform well. Specifically, the normal-
ized mean squared error due to sampling noise is self-
consistently estimated to be E2Nb/I, with the information

being I ¼ Nt
�1PNt

t¼1
F̂ðXðtÞÞ �D�1 � F̂ðXðtÞÞdt, which is expected

to scale linearly with the system size. As a consequence, the
larger the number of fit functions Nb, the more data is needed
to achieve a given error level. This estimator allows to control
for overfitting. Moreover, some relative positions of pairs of
particles can be unexplored, which reduces the accuracy of the
inference in these regions. With the Stratonovich estimator
discussed above, the error induced by measurement error is a
blur of the drift field of similar magnitude – (e.g. an angular
error of 101 over orientations will roughly result in a Gaussian
blurring of angle-dependent forces of similar width). This is to
be compared to much more dramatic biases scaling as O(1/dt)
induced by more naive estimators.35 Lastly, biases induced by
time discretization are of the order of the typical drift variation
over dt—that is, if drifts typically vary by 10% over a time step,
the bias on inferred forces will be of B10%. For this reason, the
typical distance travelled between two frames should remain
small with respect to the diameter of the particles s: Udt/s t
0.1. We note that this can be significantly improved by turning
to an alternative trapezoid estimator37,39 at the cost of robust-
ness to measurement error.

2.3 Fit functions

We now define the basis on which to decompose the particle
velocities. For one particle forces, the choice is straightforward.
As a Janus particle is self-propelled along its orientation j, the
most natural fit function is the unitary vector ej = (cos(j),
sin(j)), which provides the self-propulsion speed U. In contrast,
the choice for the pair interactions is still broad. However, it is
possible to further reduce the basis by setting additional
constraints based on the symmetry of the problem.

Assuming that the system is invariant under rotations and
parity inversion, the interactions should be symmetric with
respect to the axis defined by the particles 1 and 2:

vr(r, y1, y2) = vr(r, �y1, �y2), (5)

vy(r, y1, y2) = �vy(r, �y1, �y2), (6)

o(r, y1, y2) = �o(r, �y1, �y2). (7)

We choose a basis that satisfies these relations and separates
the angular and radial dependencies:

vr r; y1; y2ð Þ ¼
XNr�1

l¼0
glðrÞ

XNa

n¼0

Xn
k¼�nþ1

arn;k;l cos ½n� jkj�y1 þ ky2ð Þ;

(8)

vy r; y1; y2ð Þ ¼
XNr�1

l¼0
glðrÞ

XNa

n¼1

Xn
k¼�nþ1

ayn;k;l sin ½n� jkj�y1 þ ky2ð Þ;

(9)

o r; y1; y2ð Þ ¼
XNr�1

l¼0
glðrÞ

XNa

n¼1

Xn
k¼�nþ1

aon;k;l sin ½n� jkj�y1 þ ky2ð Þ:

(10)

We have chosen a Fourier basis of order Na for the angular
dependence: the angular functions are of the form cos(k1y1 +
k2y2), with |k1| + |k2| r Na (cos is replaced by sin for vy and o).
Finally, we use smooth localized functions for the radial
dependence:

glðrÞ ¼
1

l!

r

r0

� �l

e�r=r0 : (11)

The function gl(r) has a maximum at lr0 and a width r0; as it
decays exponentially, it can be assumed to vanish beyond a
distance rmax. Thus, the number of basis functions is Nb = Nr �
[1 + 3Na(Na + 1)]. We emphasize that this decomposition is
general and does not make any assumption on the form of the
interactions, beyond the symmetry relations that they satisfy.
From the coefficients an,k,l, we also define the derived quantity
an;kðrÞ ¼

P
l

an;k;lglðrÞ, the amplitude of the harmonic function

indexed by n, k as a function of the distance r.
Note that, although the coefficients an,k,l, or equivalently

an,k(r), represent the amplitude of harmonic terms contributing
to the inferred velocity, their value may change with the order
of the angular basis Na. This comes from the fitting procedure
that adjusts the coefficients in order to minimize the error of
the overall functional basis. If the chosen order Na is large
enough to capture the dynamics, the underlying coefficients
an,k(r) could give, indeed, information on the harmonic com-
position of the velocities. On the contrary, their physical mean-
ing as well as that of the inferred velocity are compromised if
the dynamics is not captured properly. It is therefore important
to assess the quality of the inference before discussing the
meaning of the coefficients an,k,l or an,k(r).

3 Interactions in the flocking system
3.1 Results

We turn to the experiments of ref. 24 and especially the dataset
A, for which the ordered phase is observed. For this, we run SFI
with the basis functions defined above at second order (Na = 2),
which provides first the inferred self-propulsion speed U C
9.7 mm s�1 and the rotational diffusion Dr C 0.092 s�1 (details
given in the Appendix). These values are found in good agree-
ment with those measured in ref. 24.

Then, we assess the reliability of the inference by analyzing
the statistical distribution of the particles with respect to each
other. Although our approach provides the interactions for all
distances and orientations, the system does not explore uni-
formly all the configuration space, so that the interactions may
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not be inferred properly in unexplored regions. Indeed, the
radial pair correlation (Fig. 1(d)) indicates the absence of
neighbor particles at short distance r/s o 2, with the particle
diameter s = 3.17 mm, an accumulation around r/s = 2.5 and a
uniform presence beyond r/s4 3. Since the distance r/s = 2.5 is
akin to a mean distance in the flock, we choose it and discuss
the corresponding histogram of the relative orientations in the
plane (y1, y2) (Fig. 2(a)). Similar to the distance r, the distribu-
tion of neighbors is also not uniform. There is a region of high
density, defined by y1 C y2, which corresponds to particles
moving in the same direction, revealing the flocking behavior.
There is also a region of intermediate density and an un-
explored one, located around y1 C 0, y2 C p, corresponding
to the situation where the two particles are back to back. The
presence or even the excess of particles consolidate the infer-
ence in these regions. On the contrary, the inference in the
unexplored region should be taken with care, although it can be
qualitatively correct, for example in term of sign. For clarity, we
hatch the questionable area if the bin count in the histogram
falls below the arbitrary threshold of 10 occurrences in a pixel.

The inferred interactions vr, vy, and o exerted by a particle 2
on a neighbor particle 1 at a distance r/s = 2.5 are presented in
Fig. 2(b), (d) and (e). The interactions and distances are
rescaled by U and s to allow the comparison of the interaction
components between each other and with the self-propulsion.
Note that in the plane (y1, y2), a neighbor particle 1 is located in
front of the particle 2 for �p/2 o y2 o p/2 and behind it for
�p o y2 o �p/2 or p/2 o y2 o p.

The radial interaction vr is mainly repulsive for a large range
of orientations Fig. 2(b), so that the interaction prevents self-
contact. In particular, there are two maxima located at (y1, y2)
C (p/2, 0) and (y1, y2) C (3p/2, 0), that is, when particle 1 is
located in front of the particle 2 and oriented sideways to it.
Although the statistics suggest caution, it is probable that the
interaction when particles are back to back is negligible or
weakly negative. The azimuthal interaction vy has a non trivial
shape but with an amplitude much smaller than the radial or
the angular interactions (Fig. 2(d)).

In contrast, the amplitude of the torque (Fig. 2(e)) is, in dimen-
sionless units, as strong as the radial interaction, but with a more
complex dependence on the orientations. It is negative for 0 r
y1 r p and positive for p r y1 r 2p, which means that the
particle 1 always turns away from the particle 2. Such ‘‘turning
away’’ interaction, in addition to an isotropic radial repulsion, has
been identified as being responsible for the flocking in ref. 26.
In this work, Das et al. retained the lowest order term in a
multipole expansion of the electrostatic interaction between Janus
particles, which has the slowest decay, leaving o(r, y1, y2) p

�sin(y1)/r4. Here, we find that the interaction is strongly modu-
lated by the orientation of the particle 2: it is maximal when the
particle 2 faces the particle 1 (y2 C 0) and almost vanishes when
the particle 2 turns its back on particle 1 (y2 C p). This modula-
tion could appear at higher order in the multipole expansion of
ref. 26. Another representation is proposed in Fig. 2(f), where we
see that the amplitude of the torque can significantly change with
y2 for fixed y1. Due to its strong magnitude, we hypothesize that it

Fig. 2 SFI results for set A (flocking system). (a) Pair correlation: histogram of the relative orientations at a distance r/s = 2.5. (b), (d) and (e) Inferred pair
interactions at a distance r/s = 2.5 as a function of the orientations y1 and y2: (b) radial, (d) azimuthal and (e) angular velocities. The hatched areas
correspond to areas of the histogram with lower statistics (bin count below 10). (c) Radial and angular velocities as function of the distance r for specific
orientations: (y1, y2) = (p/2, 0), (3p/2, 0). Inset: Particle 1 (grey) and particle 2 (black) with the orientations (y1, y2) = (p/2, 0), with the red and blue arrows
indicating the directions of the radial and angular velocities, respectively. (f) Angular velocity at a distance r/s = 2.5 as a function of the orientation y2, for
two values of the orientation y1.
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could play an important role in the flocking. We come back to this
question in the next section.

Finally, Fig. 2(c) presents the evolution of the radial and
angular interactions as a function of the distance r, for orienta-
tions (y1, y2) that maximize the interactions. We observe that, in
both cases, the interactions decrease monotonically and vanish
above r/s \ 5. These behaviors of the interactions are robust
features supported by sufficient statistics.

3.2 Numerical simulations

To further assess the reliability the inferred interactions, we
run numerical simulations with these interactions and com-
pare the observables with those measured in experiment
(details given in the Appendix). The results are presented in
Fig. 3 for different orders Na = 0, 1, 2 of the angular basis.
Overall, we find that the synthetic ordered phase, obtained at
the second order, presents the same statistical properties than
the experimental one, and that this order is also the minimal
one required to describe faithfully the dynamics.

First, we consider the polar order parameter C = h|heijiS|it,
where the inner average runs over the particles contained in
rectangular regions of area S (regions of interest, ROI), averaged
over temporally uncorrelated frames (outer average). The
dependence on the area S can generally be fitted with C(S) =
CN + kS�g/2,24,40,41 a finite value of CN indicating the existence

of a long range order. The order parameter, for both the
experiment and the simulation, levels off towards the same
finite value CN C 0.8 for S 4 104 mm2 (Fig. 3(a)). Then, we look
at the polarity autocorrelation function fp(t) = hej(t)�ej(t + t)it
where ej(t) stands for the polarity of the particle at time t. This
quantity decreases exponentially in a disordered system but
decays to a finite plateau in a flock.24 Again, a plateau is
observed in both cases, indicating a high level of correlation
maintained even after a long period t4 10 s (Fig. 3(b)). Another
interesting quantity is the number fluctuations, DN, which is
defined as the standard deviation of the number of particles in a
ROI of a given size.24,42 Compared to hNi, the average number of
particles in a ROI of the same size, it describes the density
fluctuations in the system. We find in the numerical simulations
the same behavior as in the experiments, DN B hNi0.8 (Fig. 3(c)),
indicating giant density fluctuations, which are the hallmark of an
ordered Toner–Tu phase.25,43 Finally, the pair correlation B(r)
integrated over the angle of particle 2, has the same form in the
experiment and the simulation (Fig. 3(d) and (e)). B(r) indicates the
variation of the density of particles at a position r with respect to a
particle moving in the direction ej.23 It is constructed from the
polar pair correlation C(r, y, y0),23,44 which from rotational invar-

iance is contained in C(r, 0, y0): BðrÞ ¼ ð1=2pÞ
Ð 2p
0 Cðr; 0; y0Þdy0.

In particular, note in both cases the accumulation of particles
around r/s = 2.5 (the red ring in Fig. 3(d) and (e)).

Fig. 3 Comparison of the observables between: the experimental flocking system (set A), the simulations with the inferred interactions at different
angular orders Na = 0, 1, 2 and the simulations denoted R + TA and R + MTA including only certain terms at Na = 2. In all simulations, the frame size and
the particle number are identical to the experiment. (a) Polar order parameter C vs. the area S of the ROI. (b) Polarity autocorrelation fp(t). (c) Number
fluctuation DN vs. average number of particle N. (d)–(f) Pair correlation function B(r), with x8 and x> the coordinates in the reference frame of an active
particle pointing to the right, respectively for (d) the experiment, (e) the simulation at Na = 2 and (f) the simulation R + MTA. The size of the particle is
represented by the yellow circle in the center. See main text for the definition of the interactions in the simulations R + TA, R + MTA and the definition of
the observables.

Paper Soft Matter

Pu
bl

is
he

d 
on

 2
3 

A
ug

us
t 2

02
5.

 D
ow

nl
oa

de
d 

by
 E

co
le

 S
up

 d
e 

Ph
ys

iq
ue

 e
t d

e 
C

hi
m

ie
 I

nd
us

tr
ie

 o
n 

9/
1/

20
25

 2
:0

8:
10

 P
M

. 
View Article Online

https://doi.org/10.1039/d5sm00655d


This journal is © The Royal Society of Chemistry 2025 Soft Matter

In comparison, the interactions inferred at zero or first order
lead to incorrect predictions. The particles do not flock and the
system remains disordered. This is evidenced in Fig. 3(a) where

the polar order function C(S) decreases as / 1
	 ffiffiffiffi

S
p

, as expected
for randomly orientated particles, which is characteristic of
uncorrelated movements, or in Fig. 3(b) where the polarity
function fp(t) decreases as e�D0t with the effective diffusion
constant D0. Note that, at zeroth order, the constant D0 is
identical to the rotation diffusion Dr, whereas at first order D0

increases, so the diffusion is enhanced in this case. The pair
correlation function B(r) at zeroth or first order is also very
different compared to the one observed in the experiment
(not shown).

Besides, we find instructive to search for the dominant
terms that can explain the main features of the experimental
dynamics. From the inferred interactions at second order,
Fig. 2(b), (d) and (e), it directly appears that some terms can
be neglected, such as the azimuthal interaction vy due to its low
amplitude. For the radial and angular interactions, the choice
of the important terms is less obvious. However, we can identify
them by turning on and off certain terms of the interaction in the
simulations and see the effect on the dynamics. First, we choose
to keep only the isotropic radial repulsion ar

0,0 and the y2-
independent ‘‘turning away’’ interaction ao1,0 (denoted R + TA):

vr(r, y1, y2) = ar
0,0(r), (12)

o(r, y1, y2) = ao
1,0(r)sin(y1), (13)

with vy = 0. Thus, the angular dependence of the interaction is
identical to the one studied in ref. 26. We see that the system
remains disordered (Fig. 3(a) and (b)); note that it does not
contradict the conclusions of ref. 26, as flocking could be recov-
ered at higher density. Second, in contrast, we choose to keep
both the radial repulsion ar

0,0 and the full form of the angular
interaction, which thus includes the modulation as a function of
y2 (denoted R + MTA, for ‘‘modulated turning away’’ in Fig. 3):

vr(r, y1, y2) = ar
0,0(r), (14)

o r; y1; y2ð Þ ¼
X2
n¼1

Xn
k¼�nþ1

aon;kðrÞ sin ½n� jkj�y1 þ ky2ð Þ; (15)

with vy = 0. With these interactions, the flocking is recovered
(Fig. 3(a) and (b)), as well as the various observables of the
experimental system (Fig. 3). From the radically different
behavior observed in numerical simulations with the R + TA
and R + MTA interactions, we conclude that the full form of the
angular interaction, in addition to an isotropic radial repulsion,
is important and contributes to the flocking behavior of the
experimental system.

3.3 Extrapolation to different densities

Another advantage of inferring the pair interactions between
the particles is to be able to predict a behavioural change in the
system as a function of parameters such as the particle density.
To illustrate this possibility, we run numerical simulations with
the inferred parameters obtained previously (U, Dr and the pair
interactions at second order for set A), and then vary the area
fraction from a low density f = 5 � 10�3 to a high density f =
0.1. The behavioural change is quantified by the evolution of
the polar order function C(S) and the parameter CN, extracted
from the relation C(S) = CN + kS�g/2 (Fig. 4). We observe two
regimes. For small area fractions, f o 0.04, the system is
disordered, C p S�1/2 and CN C 0. In contrast, for higher
values f 4 0.06, we retrieve the flocking behavior observed in
the experimental set A (Fig. 1(c)) C converging to CN C 0.8 for
S 4 103 mm2. At the threshold 0.04 o f o 0.06, the two phases
coexist. For example, Fig. 4(c) shows the emergence of a swarm
of particles moving along the same direction for f = 0.05.

The existence of the two dynamical regimes can be verified
experimentally: ref. 24 reports another dataset at lower area
fraction fAd = 7.5 � 10�3, which we denote set Ad, where the
system remains disordered. Since only the density is varied
between the two datasets, one expects to find identical self-
propulsion speeds, rotational diffusion coefficients, and pair
interactions in both cases. However, SFI finds an increase of the
self-propulsion speed (UAd = 14.1 mm s�1) compared to the

Fig. 4 Simulations with the inferred parameters, with varying area fraction f. (a) Evolution of the function C(S) with f on a log–log scale, with the
inferred parameters extracted from set A. (b) Evolution of the parameter CN with f, with the inferred parameters of set A, Ad and Adu. The value CN fits
the relation: C = CN + kS�g/2. The parameters Adu are the same as for Ad except the value U equal to that of set A. The vertical dashed lines indicate the
area fractions fA, fAd of the experimental sets A and Ad, the black diamonds indicate the related experimental values CN. (c) Snapshot of the data set
taken close to the transition (f = 5 � 10�2), with the inferred parameters of set A.
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ordered phase (UA = 9.7 mm s�1); this difference could be
attributed to a variation in some experimental parameters,
such as the distance between the electrodes, or to a ‘‘screening
effect’’, particles in a flock feeling a weaker field than lonely
particles. We run SFI for the set Ad with the same parameters as
before, and run simulations with the inferred interactions for
different area fractions f. We see in Fig. 4(b) that there is
almost no difference between sets A and Ad; in particular the
two dynamical regimes are retrieved. The shift between the two
curves is due to the change in U: if we set U = UA in the
simulations with the interactions inferred from the set Ad, then
the two curves become identical (compare sets A and Adu).
Thus, the pair interactions can be considered as identical
between the two sets with respect to their flocking propensity.
The inference, applied to a reduced set of particles or applied to
a single dataset at given area fraction, can thus help to predict
the behavior at any other density and to reveal possible phase
transitions, which could be useful to guide experiments.

4 Interactions in the disordered
system
4.1 Results

We turn now to set B provided by ref. 23, where the system
remains in a disordered state. One goal of this study was to
provide a pure experimental active Brownian particles (ABP)
system, that is with only radial pair interactions (vr(r, y1, y2) =
vr(r), vy = 0, o = 0),45 in order to compare with the theoretical
predictions; in absence of torque, ABP do not align, although
their activity may trigger a motility-induced phase separation.46

To achieve this goal, the experimental parameters (electrical
field, concentration of sodium chloride) were tuned so as to
decrease the overall hydrodynamic and electrostatic interac-
tions. Indeed, we see the particles moving in a disordered way
with no polar order measured, and, thanks to the weak inter-
actions, the particles collide with one another. The dynamics
looks qualitatively very similar to the one expected for ABP.
However, if one takes a finer observable, such as the pair
correlation B(r), the experimental one shows the formation of
a depletion zone just behind the particle which is absent
for ABP (Fig. 6(a) and (c)). It is thus possible that residual
interactions are still present in the system, which could be
characterized.

In contrast to the first dataset, the detection of the force is
more challenging, because the interactions are much weaker
and take place at smaller distances between particles, within
1 o r/s o 3. At such distance, the inference may be blurred by
the collisions, especially if the time step is a bit long, as is the
case here where Udt/s C 0.2. We also note that the error on the
orientation detection is higher (jerr E 91), which also decreases
the measurement precision. Despite these difficulties, we shall
see that it is possible to obtain the interactions in this system.

Once again, we run SFI with the basis functions defined
at second order (Na = 2). The inference provides the self-
propulsion speed U C 7.0 mm s�1 and the rotational diffusion

Dr C 0.085 s�1, which are similar to those reported in ref. 23.
Then, we choose the distance r/s = 1.5 and discuss the
histogram of the relative orientations presented in Fig. 5(a).
Since the system is disordered, the distribution of neighbors is
quite homogeneous along y1, y2 (Fig. 5(a)). The greater densi-
ties are observed around (y1, y2) = (p/2, �p/2) or (3p/2, p/2).
Here, the unexplored region where the particles are back to
back appears larger than compared to set A, because of the
closer distance r/s = 1.5. Again, the questionable areas are
hatched and reported on top of the inferred interactions.

The inferred interactions vr, vy, o at distance r/s = 1.5 are
presented in Fig. 5(b), (d) and (e). First, the radial interaction
Fig. 5(b) looks similar to the previous experiment. It is still
positive when the two particles face each other, and is maxi-
mally repulsive for two angular positions: (y1, y2) C (2p/3,�p/3)
or (4p/3, p/3), that is, when the particles fly by each other. In
contrast, the interaction is weakly attractive when the particles
are back to back (y1, y2) C (0, p), although this last region
should be taken with care because of the poor statistics. As in
the previous experiment, the azimuthal interaction is very weak
(Fig. 5(d)).

The most surprising feature is the presence of a relatively
strong angular interaction, which was not considered in ref. 23
(Fig. 5(e)). The particle 1 turns away from particle 2 when
particle 2 is oriented towards particle 1 (y2 C 0) and it turns
towards particle 2 when particle 2 turns its back on particle 1
(y2 C p). Fig. 5(c) and (f) show the evolution of the radial and
angular velocities with the distance r for specific positions. In
both cases, the interactions monotonically decrease and vanish
above r/s C 3.

4.2 Numerical simulations

To assess the reliability of the inference, we run numerical
simulations with the inferred interactions and focus on the pair
correlation function B(r). The experimental result is recalled in
Fig. 6(a). We observe an accumulation zone in front of the
particle, and a depletion zone in the back. Two depletion wings
emerge in the back of the particle. To compare, we plot in
Fig. 6(b) the pair correlation function of the simulation with the
inferred interactions. All the features described previously are
retrieved: the accumulation and depletion zones, as well as the
depletion wings. In contrast, Fig. 6(c) shows the pair correlation
for ABP with a soft sphere potential interaction. In this case, we
see two accumulations zones in the front and in the back of the
particle with two weak depletion wings emerging on the sides
of the particle,23 which is significantly different than in the
previous figures.

Therefore, we see that despite the overall decrease of the
interactions, the ABP assumption remains too crude to explain
all the features of the dynamics. The pair correlation function
B(r) is correctly recovered if one takes into account also the
angular interactions present at short distance around the
particle. Furthermore, this example is interesting from
the viewpoint of the method, as it shows that, in spite of the
multiple sources of noise, SFI is sensitive enough to capture
weak interactions.
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5 Symmetry considerations

SFI allowed us to determine precisely the interactions between
the particles, but it does not give any information about their
origin. As outlined in the introduction, none of the electrostatic
or hydrodynamic interactions can be determined analytically.
However, these interactions have specific properties, which can
help to discriminate them. For hydrodynamic interactions, the
effect of the particle 2 on the particle 1 can be expected to be
dominated by the advection of the particle 1 by the flow created
by the particle 2. As such, it should not depend on the
orientation of the particle 1, so that y1-dependent terms can

mainly be attributed to electrostatics. Since the interactions are
strongly dependent on y1, we conclude that the electrostatic
interaction is at least present, if not dominant, in both sets
A and B.

In turn, the electrostatic interaction imposes that the forces
derive from an effective potential V(r, y1, y2):20

vr ¼ �m
@V

@r
; (16)

vy ¼
m
r

@V

@y1
þ @V
@y2


 �
; (17)

Fig. 6 Evaluation of the pair correlation function B(r) for set B for a similar level of statistics (frame number 8 � 103, particle number B500). (a)
Experimental measure.23 (b) Simulated data with the inferred interactions. (c) Simulated data for active Brownian particles (ABP).

Fig. 5 SFI results for set B (disordered system). (a) Histogram of the relative orientations at a distance r/s = 1.5. (b), (d) and (e) Inferred pair interaction at a
distance r/s = 1.5 as a function of the orientations y1 and y2. (b) Radial, (d) azimuthal and (e) angular velocities. As before, the areas with lower statistics are
hatched (bin count below 10). (c) Radial velocity as function of the distance r for specific orientations (y1, y2); inset: particle 2 (black) and particle 1 (grey) at
different positions, with the red arrows indicating the direction of the radial velocity. (f) Angular velocity as function of the distance r for specific
orientations; inset: particle 2 (black) and particle 1 (grey) at different positions, with the blue arrows indicating the direction of the angular velocity.
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o ¼ �mr
@V

@y1
; (18)

where m and mr and the translational and rotational mobilities.
As a consequence, the interactions should follow the relations:

@vr
@y1
/ @o
@r
; (19)

@ rvyð Þ
@r

¼ �@vr
@y1
� @vr
@y2

; (20)

where the proportionality involves the unknown ratio of trans-
lational and rotational mobilities. Since both vr(r, y1, y2) and
o(r, y1, y2) are significant in sets A and B, eqn (19) becomes an
interesting criteria to test the presence of the electrostatic
interaction in those systems.

Fig. 7(a) and (b) shows the relation (19) in case of set A and
for only the first order terms of the angular basis. Overall, we
see a good agreement which implies a specific behavior for
each harmonic terms, see Fig. 7(c). For example, the term ao

1,1 is

almost zero as expected since qo/qy2 C 0 (Fig. 2(e)). The terms
ao1,0 and ar

1,0 are of same sign, which can be explained as
follows. Suppose ao1,0 p r�n, then ar

1,0 p n/rn+1 and the ratio
is necessarily ao1,0/ar

1,0 4 0. In particular, it justifies the electro-
static origin of the ‘‘turning away’’ interaction observed for the
angular velocity since the amplitude ao

1,0 has the expected sign.
Besides, in case of electrostatic interactions, the potential
should be invariant under reflection with respect to the axis
defined by the particles 1 and 2, V(r, y1, y2) = V(r, �y1, �y2),
but also and under the exchange of the particles, V(r, y1, y2) =
V(r, y2 + p, y1 + p). This additional symmetry implies the
equality ar

1,0 = �ar
1,1 which can be verified as |ar

1,0| � |ar
1,1| C

0 (dashed line in Fig. 7(c)). Therefore, we find at first order all
the hallmarks of a dominant electrostatic interaction.

However, Fig. 7(d)–(f) show that the symmetry relations do
not hold anymore if the second order terms are included. For
example, the terms ar

2,2 and ao2,2 behave very differently with the
distance r, which is not compatible with the existence of an
effective potential. For set A, we must conclude that there is

Fig. 7 Evaluation of the symmetry relation eqn (19): (a) and (b) for set A including only the first order term of the angular basis at a distance r/s = 2.5,
(c) evolution of the coefficients an,k(r) with the distance. The dashed line represents the difference |ar

1,0| � |ar
1,1|. (d) and (e) For set A including all the terms

up to the second order at r/s = 2.5, (f) evolution of ar
2,2(r), ao2,2(r) with the distance r. (g) and (h) For set B including all the terms up to the second order

at r/s = 1.5, (i) evolution of ar
1,0(r), ao1,0(r) with the distance. The function an,k(r) stands for the coefficient of the harmonic term cos((n � |k|)y1 + ky2) or

sin((n � |k|)y1 + ky2), see notations in eqn (8)–(10).
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another component present in the system, probably of hydro-
dynamic origin, which does not derive from a potential.

In a similar way, we conclude that the interactions in set B
are a mix of electrostatic and hydrodynamic as the symmetry
relations are also not satisfied (Fig. 7(g) and (h)). Note that in
this case, the violation is even stronger since it is not verified at
first order; for instance the terms ar

1,0 and ao
1,0 are of opposite

sign (Fig. 7(i)). In set B, it is thus likely that the electrostatic and
hydrodynamic interactions are of the same order of magnitude.

Conclusions

We have used stochastic force inference (SFI) to learn the pair
interactions between self-propelled Janus colloids from experi-
mental trajectories. In particular, we have studied two datasets:
a dense set of flocking particles and another one where the
system remains disordered. Although in both cases the experi-
mental conditions were not specifically optimized for this
inference task, we successfully measured the pair interactions,
as evidenced by the ability to reproduce all the statistical
properties of the experimental systems in numerical simula-
tions. Moreover, the precise determination of the interactions
allowed us to gain information about the nature of the inter-
actions. Based on the symmetry relations that an electrostatic
potential should satisfy, we find that in the flocking system the
interactions are mainly electrostatic, with the presence of an
additional hydrodynamic component that contributes sensi-
tively to the dynamics. In contrast, the relative contributions
between the electrostatic and hydrodynamic interactions are
more balanced in the second experiment.

Such information can be crucial, especially for the study of
Janus colloids propelled by AC electric field. The behavior
of these systems under different experimental parameters can
be predicted,20,22,47 but these theoretical predictions have been
obtained by focusing on electrostatics only and neglecting the
other influences, such as the hydrodynamic flow. Our results
confirm the global shape of the interactions but also unveil
unpredicted and quantitatively significant dependencies.
To further characterize the interactions in these systems, one
could infer them in experiments that use different parameters
such as the amplitude and the frequency of the electric field.

Applied to experiments where the interactions are unknown,
such as Janus colloids self-propelled through phoretic effects,48

the inference of interactions could be a decisive step towards
understanding and modeling the system. Whether a prelimi-
nary qualitative knowledge of the interactions exists or not,
their precise determination may allow one to use numerical
simulations to explore the effect of changing parameters such
as the density or the system size.

An important difficulty that arises when learning the inter-
actions is the orientation detection, albeit the orientation is
clearly visible on experimental images. In other cases, such as
rolling colloids,15 the orientation is not even visible on the
images, preventing the application of the current framework.
To infer the interactions in such case, a possible route is to treat

the hidden orientation of the particles as a memory, and to
extend SFI to use multiple time steps to infer the interactions.
This extension would allow to deal with systems where memory
is embedded in the surrounding fluid, such as for light-
activated colloidal microswimmers in a viscoelastic fluid49

or self-propelling droplets that modify their environment by
leaving chemical footprints.13
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Appendices
Experimental parameters

The experimental setup for both set A and B is briefly described
here; more information can be found in the original
articles.23,24 In the two experiments, the particles under study
are silica based colloids with a diameter of s = 3.17 mm, whose
half hemisphere is coated with a titanium layer. The particles
are suspended in a NaCl solution, that is sandwiched between
two ITO electrodes with a spacer of thickness h. Then, a
perpendicular AC electric field of frequency f and amplitude E
is applied, which ensure the self-propulsion of the particles.

For the video recording, a CMOS camera (Baumer LXG-80
3000 � 2400 pixels, 8 bit grayscale) is mounted on an inverted
microscope (Olympus IX70 or Nikon EXLIPSE TE2000-U).
To increase the contrast of the hemispheres, a green filter is
inserted between the sample and the halogen lamp. Hence, in
the images, the metallic hemisphere appears in dark gray and
the dielectric side in light gray. In addition, several routines
based on Python libraries are used for the tracking of the
particles. In particular, the position of the particle is provided
by the Hough transformation whereas the orientation is given
by the center of mass of the pixels. These allows to extract for
each particle, its position ri(t) = (xi(t), yi(t)) and its orientation
ji(t) over time.

Parameters for set A.24 Video clip of 3.1 � 103 frames with
time interval dt = 0.067 s, area fraction fA = 9.7 � 10�2 with
around 1.7� 103 particles in a frame of size 420� 336 mm2. The
particles move with the metallic (dark) face ahead in deionized
water with an electrode separation h = 130 mm and an applied
AC electric field of frequency f = 1 MHz and amplitude E =
1.23 � 105 Vpp m�1. Standard error for the detection of the
orientation: jerr C 21; this value is obtained by fitting the mean
squared angular displacement (MSAD) with h[j(t + Dt) � j(t)]2i =
2DrDt + 2jerr

2.23 The standard error for the detection of the position
is below one pixel (0.14 mm) and is thus negligible.

Soft Matter Paper

Pu
bl

is
he

d 
on

 2
3 

A
ug

us
t 2

02
5.

 D
ow

nl
oa

de
d 

by
 E

co
le

 S
up

 d
e 

Ph
ys

iq
ue

 e
t d

e 
C

hi
m

ie
 I

nd
us

tr
ie

 o
n 

9/
1/

20
25

 2
:0

8:
10

 P
M

. 
View Article Online

https://github.com/jhem272/sfiabp_py
https://doi.org/10.1039/d5sm00655d


Soft Matter This journal is © The Royal Society of Chemistry 2025

Parameters for set Ad.24 Video clip of 3.1 � 103 frames with
time interval dt = 0.1 s, area fraction fAd = 7.5 � 10�3,
B400 particles in a frame of size 735 � 588 mm2. Same
experimental condition as for set A. Standard error for the
orientation: jerr C 121.

Parameters for set B.23 Video clip of 8.4 � 103 frames with
time interval dt = 0.1 s, area fraction fB = 4 � 10�2 with around
5 � 102 particles in a frame of size 360 � 288 mm2. Here, the
particles move with the dielectric (white) face ahead for h =
50 mm in a sodium chloride solution of concentration 1 �
10�4 mol L�1 and an applied AC electric field of frequency
f = 5 kHz and amplitude E = 2 � 105 Vpp m�1. Standard error for
the orientation: jerr C 91.

SFI parameters

For both experiments, the Stratonovitch and Vestergaard esti-
mators have been used for the velocities (also called ‘‘drift’’)
and for the rotational diffusion coefficient, respectively. The
rectangular approximation has been used for the integrals.

Set A, Fig. 2. Parameters for the basis: Na = 2, Nr = 8 and
Nb = 152. The index l for the radial functions gl(r) spans l A
{0, 1, . . .7} with r0 = 2 mm. Cell dimension for the SFI algorithm:
rmax = 21 mm C 6.6s. Full video analyzed (3.1 � 103 frames).
Inferred active velocity U C 9.7 mm s�1 and rotational diffusion
Dr C 0.092 s�1. With these parameters, running SFI took 2.4 h
on 30 cores.

Set B, Fig. 5. Parameters for the basis: Na = 2, Nr = 16 and
Nb = 285. The index l for the radial functions gl(r) spans l A
{0, 1, 2, . . .15} with r0 = 1 mm. Cell dimension for the SFI
algorithm: rmax = 24 mm C 7.5s. 4 � 103 frames analyzed.
Inferred active velocity U C 7.0 mm s�1 and rotational diffusion
Dr C 0.085 s�1. With these parameters, running SFI took 2.8 h
on 30 cores.

Simulation parameters

To simulate the dynamics of the particles, we integrate numeri-
cally the equations of motion (1) and (2) with the inferred
parameters, with the Euler–Maruyama scheme, with an inte-
gration time ts = 5 ms. We use the cell-list algorithm with
periodic boundary condition, the dimension of the cell being
set to the value of rmax used in the SFI analysis. The inferred
forces are activated only for a specific range rmin o r o rmax to
circumvent the bad estimation at lower distance. In addition to
them, to model the steric repulsion and avoid unphysical
moves at small distances, we add a repulsive interaction deriv-
ing from the potential: V(r) = (e/2)(1 � r/s)2H(s � r) with
strength e = 800 and diameter s = 3.17 mm, where H(x) is the
Heaviside function. This short range steric interaction is not
found by SFI because (i) the particles do not come into close
contact in the set A (see Fig. 1(d)) and (ii) this interaction is
blurred by the displacement between two frames in both sets.
We also ran numerical simulations without this interaction and
found no difference in the observables. The number of particles
is given by f/(Sboxps

2/4) with f the area fraction and Sbox the
area of the box.

Comparison of the observables, Fig. 3. For all simulations,
we use the same particle number and box size as for the
experiment set A. Parameters: rmax = 21 mm, rmin = 4 mm, time
interval dt = 0.1 s between saved configurations and frame
number 4 � 103. The initial distribution of the particles is the
same as for the first experimental frame.

Inferred simulations with varying area fraction f, Fig. 4.
Parameters for all simulations: rmax = 20 mm, rmin = 4 mm, time
interval dt = 0.1 s, frame number 5 � 103 and periodic box of
size 420 � 420 mm2. The number of particles depends on the
area fraction f. The initial positions of the particle are uni-
formly distributed in the box.

Evaluation of the pair correlation function B(r), Fig. 6.
Spatial bin resolution 0.3 mm. For the experiment Fig. 6(a),
8 � 103 frames processed with time interval dt = 0.1 s and
average number of particles B500. For all simulations, 500 parti-
cles constrained within a periodic box of size 360 � 288 mm2,
rmax = 24 mm, rmin = 3 mm, 8 � 103 frames processed with time
interval dt = 0.1 s. For the ABP simulation Fig. 6(c), the radial
interaction is given only by the soft sphere interaction.
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Rev. E, 2021, 103, 012605.

24 J. Iwasawa, D. Nishiguchi and M. Sano, Phys. Rev. Res., 2021,
3, 043104.

25 D. Nishiguchi, J. Phys. Soc. Jpn., 2023, 92, 121007.
26 S. Das, M. Ciarchi, Z. Zhou, J. Yan, J. Zhang and R. Alert,

Phys. Rev. X, 2024, 14, 031008.
27 F. Cichos, K. Gustavsson, B. Mehlig and G. Volpe, Nat. Mach.

Intell., 2020, 2, 94–103.
28 M. Ruiz-Garcia, G. C. M. Barriuso, L. C. Alexander,

D. G. A. L. Aarts, L. M. Ghiringhelli and C. Valeriani, Phys.
Rev. E, 2024, 109, 064611.

29 C. Joshi, S. Ray, L. M. Lemma, M. Varghese, G. Sharp,
Z. Dogic, A. Baskaran and M. F. Hagan, Phys. Rev. Lett.,
2022, 129, 258001.

30 R. Supekar, B. Song, A. Hastewell, G. P. T. Choi, A. Mietke
and J. Dunkel, Proc. Natl. Acad. Sci. U. S. A., 2023, 120,
e2206994120.

31 S. Ha and H. Jeong, Sci. Rep., 2021, 11, 12804.
32 G. Jung, M. Hanke and F. Schmid, J. Chem. Theory Comput.,

2017, 13, 2481–2488.
33 A. Malpica-Morales, P. Yatsyshin, M. A. Duran-Olivencia and

S. Kalliadasis, J. Chem. Phys., 2023, 159, 104109.
34 S. Torquato and H. Wang, Phys. Rev. E, 2022, 106, 044122.
35 A. Frishman and P. Ronceray, Phys. Rev. X, 2020, 10,

021009.
36 D. B. Brückner, P. Ronceray and C. P. Broedersz, Phys. Rev.

Lett., 2020, 125, 058103.
37 A. Gerardos and P. Ronceray, arXiv, 2025, preprint, arXiv:

2501.10339, DOI: 10.48550/arXiv.2501.10339.
38 C. L. Vestergaard, P. C. Blainey and H. Flyvbjerg, Phys. Rev.

E: Stat., Nonlinear, Soft Matter Phys., 2014, 89, 022726.
39 S. Amiri, Y. Zhang, A. Gerardos, C. Sykes and P. Ronceray,

Phys. Rev. Res., 2024, 6, 043030.
40 D. Nishiguchi, K. H. Nagai, H. Chaté and M. Sano, Phys. Rev.
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41 H. Chaté, Annu. Rev. Condens. Matter Phys., 2020, 11,

189–212.
42 V. Narayan, S. Ramaswamy and N. Menon, Science, 2007,

317, 105–108.
43 M. C. Marchetti, J. F. Joanny, S. Ramaswamy, T. B.

Liverpool, J. Prost, M. Rao and R. A. Simha, Rev. Mod. Phys.,
2013, 85, 1143–1189.

44 J. K. G. Dhont, G. W. Park and W. J. Briels, Soft Matter, 2021,
17, 5613–5632.
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