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Like the van der Waals interaction, the Casimir effect is a fluctuation induced force. Originally studied for
quantum fluctuations [1], it can also arise from thermal fluctuations. There are two complementary points of view:
the first is to compute the free energy of the electric field in the vaccuum confined between two conducting plates.
The second is to compute the correlation between the density of charges between the two plates; this is the route
that we take here. Recently, the Casimir effect has been studied in out-of-equilibrium situations [2, 3].

This calculation involves statistical physics and electrostatics, makes use of the Debye-Hückel approximation
and the resulting interaction involves the Debye length in the two plates; these are tools commonly used in soft
matter.

We consider two parallel conducting plates Si, i ∈ {1, 2}, of area A = ℓ2 and separated by a distance L, each
carrying a surface density ρ̄i of mobile charge carriers with charge qi [2]. We denote ρi(x) the local surface density
of the carriers in the plate i, where x denotes the location in the plate, and z ∈ {0, L} is the transverse coordinate.
We assume that each plate is neutral, the opposite charge carriers being immobile, hence there is no net electrostatic
interaction between the plates. The charges interact via the Coulomb interaction, so that the electrostatic energy
of two charges is given by q1q2/(4πϵ|r1 − r2|) = q1q2G(r1 − r2).

Technical note: questions requiring calculations are indicated with asterisks: no asterisk for less than three lines
of calculations, one for less than 10 lines, and two for longer calculations.

1 Free energy and interaction force
The free energy of a configuration of the density fields is (taking kB = 1):

F =
1

2

∑
i,j

qiqj

∫
dxdx′G(x− x′, zi − zj)[ρi(x)− ρ̄i][ρj(x

′)− ρ̄j ] + T
∑
i

∫
dxρi(x) log(ρi(x)). (1)

1. Explain the nature of the different terms.

2. In a given configuration of the charges, the force f on the plate S2, located at z = L, is the derivative of the
free energy with respect to L. Express the force f .

3. Show that the average of the force depends on the density correlations C12(x−x′) = ⟨[ρ1(x)− ρ̄1][ρ2(x
′)− ρ̄2]⟩.

2 Correlations
In order to compute the correlations, we use the Debye-Hückel approximation and assume weak density fluctuations
ni(x) = ρi(x)− ρ̄i.

4. Expand the free energy (1) in powers of ni(x) and retain only the quadratic terms; this is the Debye-Hückel
free energy, FDH.

We will compute the correlations in Fourier space. We define

ñi(k) =
1

2π

∫
dxe−ik·xni(x), (2)

ni(x) =
1

2π

∫
dkeik·xñi(k). (3)
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The Fourier transform of the Green function is given by G̃(k, z) = e−kz/(4πϵk).

5. * Write the Debye-Hückel free energy for the Fourier modes of the density fluctuations.

6. Write the free energy under the form

FDH =
1

2

∑
i,j

∫
dk∆ij(k)ñi(k)

∗ñj(k). (4)

Express ∆ij(k).

7. From equipartition, the correlation function is given by

⟨ni(k)
∗ñj(k)⟩ = 2πC̃ij(k) = T∆−1

ij (k), (5)

where C̃ij(k) is the Fourier transform of Cij(x). Using that the inverse of the matrix
(
a b
c d

)
is given by

1
ad−bc

(
d −b
−c a

)
, write down the correlation between the densities 1 and 2, C̃ij(k). You can introduce the Debye

lengths li = Tϵ/(ρ̄iq
2
i ); discuss the role of these lengths in the correlation.

3 Force

8. Write the expression for the force obtained in question 3 for the Fourier transforms G̃(k, z) and C̃12(k).

9. Using the correlation C̃12(k) computed at the question 7 in the expression above, give the average Casimir force
between the two plates. Show that it is attractive.

10. * In the limit where the distance between the plates is much larger than the Debye lengths, compute the force
and show that it is universal (it does not depend on the properties of the plates). We provide

∫∞
0

u2du/(eu − 1) =
2ζ(3).

11. Using dimensional analysis, recover the universal scaling. Explain the scaling of the quantum Casimir effect,
f ∝ Ahc/L4, where h is the Planck constant and c the speed of light in the vaccuum.

12. Compute the force in the opposite limit.
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