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1 Dielectric properties of water

1.1 A few numbers on pure and sea water
The water molecule contains a central oxygen atom linked to two hydrogen atoms at a distance of
96 pm; the HOH angle is around 104◦. This anisotropic shape results in a permanent electric dipole
p0 ≃ 1.85D = 6× 10−30 Cm. The weight of a water molecule is mH2O = 18 gmol−1.

Here, we will give the different quantities in normal conditions: “room temperature” T = 20 ◦C =
293K and ambiant pressure P = 1atm = 1 × 105 Pa. Under these conditions, the water density is
ρ ≃ 1× 103 kgm−3, so that the volume occupied by a molecule is

vH2O ≃ mH2O

ρ
≃
(
3.1Å

)3
. (1)

We will study the interplay between water and ions, or salt, and charged interfaces. The most common
salt is sodium chloride, NaCl −−⇀↽−− Na+ + Cl−. Its mass it mNaCl = 58 gmol−1 (the mass numbers are
23Na and 35Cl). The salt concentration in sea water is c ≃ 35 g L−1 ≃ 0.6mol L−1 and in physiological
conditions it is c ≃ 9 g L−1 ≃ 0.15mol L−1.

1.2 Water molecule and polarizability
In absence of the external field, the orientation n of an individual water molecule is random. Because
of its dipole moment, it reorients in an external electric field E, and acquires an average polarization
⟨p⟩ = p0⟨n⟩, an effect that we will compute later. For a weak external field, the average polarization is
proportional to the electric field,

p = αϵ0E, (2)

where ϵ0 is the vacuum permittivity and α is the polarizability of the molecule. Beyond reorientation,
a water molecule may acquire a polarization through other mechanisms, such as the polarization of its
electronic cloud or its deformation. In the following, we will discuss the orientation induced polarization,
which is dominant, in more details.

In a medium containing a number density n of molecules with individual polarization p, we may
define the polarization density P = np. The polarizability of a continuous medium is characterized by
its susceptibility χ such that

P = nαϵ0E = ϵ0χE. (3)

The polarization density P (r, t) of a medium is due to the displacement of bound charges; we denote
ρb(r, t) their density, which is related to the polarization density through

ρb = −∇ · P . (4)

Since the density of bound charges is a conserved quantity, its evolution follows a conservation equation

∂tρb = −∇ · jb, (5)

where jb(r, t) is the current of bound charges. Taking the time derivative of Eq. (4) and using the
definition of the current of bound charges, we obtain the relation between the bound current and the
polarization density:

jb = ∂tP . (6)

1.3 Debye relaxation model
We now focus on the polarization related to the orientation of the water molecule by the electric field and
introduce the Debye model [1]. We treat the molecule as if it were far from its siblings, which is clearly
not true in water. However, the physical mechanism and the orders of magnitude are correct, and the
results that we obtain describe the response of water very well if effective quantities are taken.

We set the coordinates so that the electric field is oriented along uz: E = Euz. First, we determine
the average polarization ⟨p⟩ = p0⟨n⟩ as a function of the electric field and the thermal agitation. Then
we will determine how the orientation responds to a time varying electric field.
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Average polarization in a permanent electric field. We denote f(n) the distribution of the ori-
entation of the water molecule or, more precisely, its dipole. In absence of electric field, it is simply the
uniform distribution, f(n) = 1/(4π), where 4π is the area of the unit sphere. With the electric field, the
energy of the dipole is

U = −p ·E = −p0n ·E = −p0E cos(θ), (7)

where θ is the orientation in spherical coordinates, such that n ·uz = cos(θ). In the canonical ensemble,
the distribution of the orientation is

f(n) =
1

Z
exp

(
−U(n)

kBT

)
=

1

Z
exp

(
p0E

kBT
cos(θ)

)
, (8)

where Z is a normalization factor, defined by∫
f(n)dn = 1. (9)

To simplify the notations, we introduce the dimensionless electric field

E =
p0E

kBT
. (10)

Using the fact that the distribution does not depend on the spherical coordinate φ, we can integrate over
the orientation easily:

1 =

∫
f(n)dn =

∫ π

0

f(θ)2π sin(θ)dθ (11)

=
2π

Z

∫ π

0

exp(E cos(θ)) sin(θ)dθ (12)

=
2π

Z

∫ 1

−1

exp(Eu)du (13)

=
2π

Z

eE − e−E

E
(14)

=
4π

Z

sinh(E)
E

. (15)

We have changed variable to u = cos(θ), du = sin(θ)dθ. The normalization factor is

Z = 4π
sinh(E)

E
= 4π

(
1 +

E2

6
+O(E4)

)
. (16)

The average orientation is defined by

⟨n⟩ =
∫

nf(n)dn. (17)

It should be in the same direction as the field and we just have to compute its magnitude, that is, the
average of nz = cos(θ). It is given by

⟨cos(θ)⟩ = 2π

Z

∫ π

0

cos(θ) exp(E cos(θ)) sin(θ)dθ. (18)

It can be performed explicitly, or one can notice from Eq. (12) that it is

⟨cos(θ)⟩ = ∂EZ

Z
= ∂E ln(Z) = coth(E)− 1

E
=

E
3
− E3

45
+O(E5). (19)

At low electric fields, E ≪ 1, a water molecule responds linearly to the field and

⟨p⟩ ≃ p0E
3

=
p20E

3kBT
, (20)

corresponding to a polarizability

α =
p20

3ϵ0kBT
, (21)
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and a susceptibility

χ = nα =
np20

3ϵ0kBT
. (22)

At large electric fields, the molecule lies along uz and its polarization saturates to p0.
We now compute the orders of magnitude. With p0 ≃ 6 × 10−30 Cm, ϵ0 ≃ 8.9 × 10−12 Fm−1,

kBT ≃ 4.0× 10−21 J at T = 20 ◦C, and density n ≃ (3.1× 10−10 m)−3, we get for the susceptibility

χ ≃ 11, (23)

which is roughly of the same order of magnitude as the value χ ≃ 72 fitted on the experiments [2]. The
difference is explained by the strong correlations between neighbors. Fitting the experimental data also
gives a residual susceptibility χ′ ≃ 3.73 that is not explained by the water reorientation and is attributed
to the polarization of the electronic cloud and the vibrational modes of the molecule. Because χ′ ≪ χ,
the large static susceptibility of water is mainly due to the molecular orientation.

The critical electric field Ec to orient a water molecule corresponds to E = 1, that is

Ec =
kBT

p0
≃ 7× 108 Vm−1 ≈ 1V nm−1. (24)

This is a very strong field, but it can be encountered close to ions or charged interfaces.

Relaxation in a time varying electric field. We now consider a time varying electric field E(t) =
E0 exp(iωt)uz and focus on the linear response. We have to compute the time dependent orientation
distribution f(n, t). At first order in the field and for a permanent field, the orientation distribution is

f(θ) ≃ 1

4π
[1 + E cos(θ)] . (25)

We retain this shape for a time varying field and look for a response of the form

f(θ, t) =
1

4π
[1 + a(t) cos(θ)] . (26)

From the static result (19), we know that the average orientation is

⟨cos(θ(t))⟩ = a(t)

3
. (27)

To determine the time dependent response, we need an evolution equation for f(θ, t). If inertia can be
neglected, which is true in a liquid but not in a gas, the distribution follows the Smoluchovski equation

∂tf(n, t) = kBTµr∇2f(n, t) + µr∇ · [f(n, t)∇U(n, t)]. (28)

We have introduced the rotational mobility µr, which encodes the response of the orientation to an
external force. It is related to the rotational diffusion coefficient Dr through the Einstein relation Dr =
kBTµr. The first term describes the rotation due to thermal noise, and the second the effect of the
external field, where the energy is given by Eq. (7). The differential operators have to be taken on the
sphere.

For the second term on the right hand side, since U is of order 1 in the field, we can assume that
f(θ, t) ≃ f0 = 1/(4π), so that this term reduces to f0∇2U(n, t). We now plug in the form (26); we obtain

ȧ(t) cos(θ) = Dr[∇2 cos(θ)](t)−DrE0[∇2 cos(θ)]eiωt. (29)

Using the laplacian in spherical coordinates, we have

∇2 cos(θ) =
1

sin(θ)

∂

∂θ

(
sin(θ)

∂ cos(θ)

∂θ

)
= −2 cos(θ). (30)

We thus end up with
ȧ(t) = 2Dr

[
E0eiωt − a(t)

]
. (31)

Looking for a solution under the form a(t) = a0 exp(iωt), we find

a0 =
E0

1 + iτDω
, (32)
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where we have defined the Debye relaxation time τD = (2Dr)
−1.

Following the same steps as in the static case, we obtain the frequency-dependent susceptibility

χ(ω) =
χ0

1 + iτDω
=

χ0

1 + τ2Dω
2
− iχ0τDω

1 + τ2Dω
2
, (33)

where the static susceptibility is given by Eq. (22).
To obtain an order of magnitude of the Debye time, we use the Stokes-Einstein rotational diffusion

coefficient of a sphere of diameter d in a fluid with viscosity η:

Dr =
kBT

πηd3
, (34)

hence, with η ≃ 0.9mPa s and d ≃ 3.1Å, we get the relaxation time

τD =
πηd3

2kBT
≃ 10 ps. (35)

Experimental data fits very well with τD ≃ 7.28 ps [2]. This excitation is in the microwave range
(1GHz to 100GHz). It is remarkable that an estimate obtained by treating the water molecule as a
sphere and its environment as a newtonian fluid is so close to the experimental result.

As explained above, there are other sources of polarization in water, and each comes with its charac-
teristic time. The Debye relaxation is overdamped, so that there is no resonance, but other excitations are
resonant and have a strong spectral signature that can be used to identify the compounds of a substance;
this is the principle of spectroscopy. In general, microwave radiations excite the rotational modes of the
molecules, infrared radiations (3 × 1011 Hz to 3.8 × 1014 Hz) excite their vibrational modes, and visible
(3.8 × 1014 Hz to 7.5 × 1014 Hz) and ultraviolet excite their electronic modes. For water, there are an
intermolecular stretching vibration at 5THz, an intermolecular libration at 15THz, and an intramolec-
ular OH stretching vibration at 101THz [3]. These characteristic frequencies are well above the Debye
frequency νD = τ−1

D = 100GHz.

1.4 Maxwell equations in a polarizable medium
Effective permittivity. We start from the original Maxwell equations for the electric field E(r, t) and
the magnetic field B(r, t), in the presence of an electric charge ρ(r, t) and an electric current j(r, t):

∇ ·E =
ρ

ϵ0
, (36)

∇×E = −∂tB, (37)
∇ ·B = 0, (38)
∇×B = µ0j + ϵ0µ0∂tE, (39)

where µ0 is the vacuum permeability.
In a polarizable medium, we may want to separate the charge density and current in a contribution of

the bound charges (ρb, jb) and a contribution of the free charges (ρf, jf). We consider first the Maxwell-
Gauss equation (36), which we rewrite using Eqs. (4) and (3):

∇ ·E =
ρf + ρb

ϵ0
=
ρf

ϵ0
− χ∇ ·E. (40)

We can rewrite this equation
∇ ·E =

ρf

ϵ
, (41)

where ϵ = ϵ0ϵr is the permittivity, and ϵr = 1 + χ is the relative permittivity.
We can do the same for the Maxwell-Ampère equation (39):

∇×B = µ0(jf + jb) + ϵ0µ0∇ ·E (42)
= µ0jf + ϵ0µ0χ∂tE + ϵ0µ0∇ ·E (43)
= µ0jf + ϵµ0∇ ·E, (44)

where we have used the permittivity introduced previously.
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We have thus shown that a polarizable medium is equivalent to a medium with an effective permittivity
(1 + χ)ϵ0. Because the permittivity enters in the denominator in the electrostatic interaction, a large
permittivity means weak electrostatic interactions.

The difference between the permeability in water and in the vacuum is very weak: the relative
permeability of water is µr = 0.999992.

Electromagnetic waves. The equation of propagation of electromagnetic waves in the vacuum (ρ = 0,
j = 0) can be obtained by taking the curl of the Maxwell-Faraday equation (37). On one hand,

∇× (∇×E) = ∇(∇ ·E)−∇2E = −∇2E, (45)

where we have used the Maxwell-Gauss equation (36). On the other hand, using the Maxwell-Ampère
equation (39),

∇× (∇×E) = −∂t∇×B = −ϵ0µ0∂
2
tE. (46)

Hence, we have
∂2tE = c20∇2E, (47)

where we have introduced the speed of light

c0 =
1

√
ϵ0µ0

. (48)

The speed of light in a polarizable medium is

c =
1

√
ϵµ0

=
c0√
ϵr

=
c0
n
, (49)

where n is the refractive index of the medium. The effective permittivity is in general a frequency-
dependent complex number, and so is the refractive index. In the following, we write the complex
refractive index as n = n − iκ. It is related to the real and imaginary parts of the relative permittivity
ϵr = ϵ′r − iϵ′′r = 1 + χ′ − iχ′′ by 1 + χ′ = n2 − κ2 and χ′′ = 2nκ.

A plane electromagnetic wave propagating in the direction x is described by the complex field ampli-
tude

E(x, t) = E0 exp
(
iω
[
t− x

c

])
= E0 exp

(
iω
[
t− c−1

0 (n− iκ)x
])

= E0 exp (i[ωt− nk0x]) exp(−κk0x),
(50)

where we have introduced the wavenumber in the vacuum k0 = ω/c0. The wave is exponentially damped
with a caracteristic length (κk0)

−1, corresponding to the Beer-Lambert law. For this reason, κ is called
the extinction coefficient.

The energy lost by the electromagnetic wave in the material is converted into heat: this is the principle
of the microwave oven. With the values of the coefficients measured experimentally, the extinction
coefficient is maximal for ω∗ ≃ 220GHz and is κ∗ ≃ 2.82. The extinction length can be read from the
expression (50):

ℓ =
1

κk0
=

c0
κω∗ ≃ 0.5mm. (51)

This penetration length is too small to be used in a microwave oven. Instead, microwave ovens use
ωoven ≃ 15GHz (wavelength ), for which κoven ≃ 0.45. The penetration depth is now

ℓoven ≃ 4 cm, (52)

which warms up the food more uniformly.
Finally, note that the IAPWS provides tables for the static permittivity of water (that is, for ω = 0)

for a wide range of temperatures and pressures [4] and for the refractive index as a function of wavelength,
temperature and density [5].

2 Ions in water and at interfaces

2.1 Individual ions in water
We have seen that the Debye relaxation is the slowest process in the response to a time-dependent electric
field. The motion of ions occur on slightly longer timescales, as it takes longer for an ion to diffusive over
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its size or the size of a water molecule than it takes for a water molecule to reverse its orientation. For
this reason, when describing the motion and interaction of ions in water, we can describe the water as
a medium with relative permittivity ϵr(ω = 0) ≃ 80. However, as we will discuss below, the dielectric
properties of water can depend on the wavenumber k, resulting in non-local interactions.

In vacuum, the electric field generated by an ion with charge q is

E(r) =
q

4πϵ0r2
. (53)

We can compare this electric field to the electric field required to polarize a water molecule (Eq. (24)):

E(r)

Ec
=

qp0
4πϵ0kBTr2

=
r2c
r2
, (54)

where
rc =

√
qp0

4πϵ0kBT
≃ 1.5 nm. (55)

Water molecules below rc can be completely polarized by the ions. In practice, this happens for the first
layer of water molecules around the ions, which is called the hydration shell. For the next layers, the
effective permittivity should be taken into account and field is too weak to polarize the molecules.

The existence of the hydration shell has two main consequences. First, due to the energy (7) of a
dipole in an electric field, U = −p0E, the total dipole energy of the hydration layer is

Us = − zqp0
4πϵ0r2

, (56)

where z is the number of water molecules in the shell and r is the distance between the ion and the
water molecules of the shell. To estimate it, we assume that r ≃ d ≃ 3.1Å, the distance between water
molecules in pure water, which is a reasonable approximation for sodium chloride, for instance. We
obtain Us ≃ −5.4 × 10−19 J ≃ −130kBT ≃ −643 kJmol−1, which is very large. Note that the molar
hydration energy takes into account that there are two moles of ions per mole of salt. By comparison,
the dissociation energy of sodium chloride is Udiss ≃ 787 kJmol−1 ≃ 6.6× 10−19 J ≃ 160kBT . According
to our estimate, the hydration energy is of the same order of the dissociation energy, which explains why
sodium chloride dissociates in water but not in air.

Second, the water molecules of the hydration shell are not free to rotate, and thus do not contribute to
the polarization of the medium. As a consequence, the conductivity decreases with the salt concentration,
and the dependence is linear at low concentration :

χ(c) = χ(c = 0)− βc. (57)

We can estimate this effect. We assume that an ion cancels the effect of z ≃ 6 water molecules, assuming
a cubic lattice. As a consequence, 1mol of salt contains 2mol of ions, which cancel the effect of 12mol
of water molecules. Since there are 56mol of water in a liter, with 1mol L−1 of solvent 20% of the water
molecules do not contribute to the susceptibility, which should thus decrease by the same factor. Taking
the fitted value of 72 for the susceptibility attributed to the water orientation, this gives β ≃ 15Lmol−1.
Measurements give β ≃ 15Lmol−1 [6], which is not too far. The relative permittivity of sea water is thus
ϵr ≃ 74 instead of 80 for pure water. The effect is linear up to 2mol L−1, and then the effect decreases.

2.2 Interaction between ions
The potential energy of two ions with charges q and q′ at a distance r in water is given by the electrostatic
energy with an effective permittivity ϵ:

U(r) =
qq′

4πϵr
. (58)

Actually, due to the molecular structure of water, the potential may be more complicated at short
distances. This complexity can be formulated in Fourier space [7],

Ũ(k) =
qq′

ϵ(k)k2
, (59)

where the dependence of the permittivity reflects the molecular structure of water and has been made
explicit. We may expect this dependence to be significant when k−1 is of the order of the diameter of a

7



water molecule. However, this description remains linear and does not allow to describe properly effects
such as the existence of an hydration shell.

The electrostatic interaction (58) is long ranged, meaning that ions interact from far away. However,
a characteristic distance may be obtained by comparing the interaction energy with the thermal energy :
U(ℓB) = kBT , leading to

ℓB =
q2

4πϵkBT
≃ 7Å. (60)

This length is the Bjerrum length. It describes the distance of closest approach of ions with the same
sign, or the distance below which ions of opposite sign feel an attraction stronger than the electrostatic
energy.

2.3 Charged interfaces
We now consider charged solid-water interfaces. The solid can be conducting, as for an electrode, in
which case a potential V is imposed and the surface charge σ adjusts, as we will see below. If the solid is
an insulator, its surface can have acquire a charge if it bears ionic groups that partly dissociate in water,
so that some charge is released in the liquid while the opposite charge sticks to the interface. In this
case, the surface charge is fixed. An infinite planar surface creates a uniform electric field E = σ/(2ϵ)
perpendicular to the surface.

The energy of an ion with charge q is thus linear to its distance x from the surface:

U(x) = −σqx
2ϵ

. (61)

As for the interaction between two ions, we can define a characteristic length by comparing this energy
with the thermal energy: this is the Gouy-Chapman length

ℓGC =
2ϵkBT

σq
=

q

2πℓBσ
. (62)

This length is inversely proportional to the surface charge, and we get ℓGC ≃ 3.6 nm for σ = 1 ×
10−2 Cm−1.

The shape of the potential (61) seems to indicate that the effect of a charged surface does not decay
with the distance, so that the whole solution is affected. The charged surface attracts oppositely charged
ions from the whole solution, and repels likely charged ions to infinity. For instance, the Bolzmann
probability distribution of an oppositely charged ion is p(x) ∝ exp(−x/ℓGC). This tends to polarize the
solution, which in turns tend to reduce the electric field in the solution.

2.4 Mean field description, Poisson-Boltzmann equation
To describe the effect of a charged interface on the concentration of ions in the solution, we consider a scale
at which many ions interact. To be more general, we consider a solution containing several ionic species i
with charge qi = ziq and concentration ni0 far from the charged surface, where q is the elementary charge
and the integer zi is the valency. The solution should be electroneutral:∑

i

qini0 = q
∑
i

zini0 = 0. (63)

We want to relate the electrostatic potential V (r) and the ionic densities ni(r). On one hand, these
quantities are related by the Maxwell-Gauss or Poisson equation (36), which reads for the electrostatic
potential

∇2V (r) = −q
ϵ

∑
i

zini(r). (64)

On the other hand, if we consider that each ion interacts independently with the electrostatic
potential V (r), its distribution is given by the Boltzmann distribution, which is proportional to
exp(−qziV (r)/kBT ). The ionic densities then follow by assuming that the densities are given by ni0
where V (r) = 0:

ni(r) = ni0 exp

(
−ziqV (r)

kBT

)
. (65)
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Combining the Poisson equation (64) and the Boltzmann equation (65), we obtain the Poisson-Bolzmann
equation for the electrostatic potential:

∇2V (r) = −q
ϵ

∑
i

zini0 exp

(
−ziqV (r)

kBT

)
. (66)

2.5 Debye-Hückel limit
The argument of the exponentials in the Poisson-Bolzmann equation (66) is small if

|V (r)| ≪ Vc =
kBT

q
≃ 25mV. (67)

Under this condition, the exponentials can be linearized. The terms that do not depend on the potential
cancel due to the electroneutrality condition. We thus obtain a linear equation for the potential:

∇2V (r) =

(∑
i

z2i q
2ni0

ϵkBT

)
V (r) (68)

Dimensionally, the term in parentheses is the inverse of a length squared; this defines the Debye length

ℓD =

(∑
i

z2i q
2ni0

ϵkBT

)−1/2

. (69)

With a symmetric monovalent salt, there are two ionic species with valencies ±1 and a common
reference concentration ns, so that the Debye length reduces to

ℓD =

√
ϵkBT

2q2ns
. (70)

It can also be expressed with the Bjerrum length and the salt concentration:

ℓD =
1√

8πℓBns
. (71)

Its a value in a solution with 1mol L−1 of salt is ℓD ≃ 3Å, and its value at different concentrations can
be deduced using the simple concentration dependence:

ℓD,sea ≃ 4Å, (72)

ℓD,phys ≃ 8Å. (73)

To understand better the signification of the Poisson-Bolzmann equation, we compute the potential
generated by a planar charged surface located at x = 0 in the half-space x > 0. The surface charge is
denoted σ. For symmetry reasons, the potential depends only on the distance x to the charged surface.
Inserting the potential V (x) in the linearized Poisson-Boltzmann equation, we obtain

∂2xV (x) = ℓ−2
D V (x). (74)

The two independent solutions of this equation are V (x) ∝ exp(±x/ℓD). Eliminating the divergent
solution, and taking the boundary condition V (0) = Vs, we obtain

V (x) = Vs exp(−x/ℓD). (75)

Last, we have to relate the surface potential to the surface charge. To do so, we compute the electric
field at x = 0+ from the solution (75):

E(0+) = −∂xV (0+)ux =
Vs

ℓD
ux. (76)

The electric field can also be obtained by assuming that it is zero for x < 0 and using the Maxwell-Gauss
equation (36): E(0+) = (σ/ϵ)ux. Equating the two expressions, we get

Vs =
ℓDσ

ϵ
: (77)
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the surface potential depends linearly on the surface charge.
With this solution, we compute the electric charge in the solution, in the Debye-Hückel limit:∑

i

∫ ∞

0

ziqni(x)dx =
∑
i

∫ ∞

0

ziqni0 exp

(
−ziqV (x)

kBT

)
dx (78)

≃ −
∑
i

z2i q
2ni0

kBT

∫ ∞

0

V (x)dx (79)

= −ϵℓ−2
D × VsℓD (80)

= −σ, (81)

meaning that the ions screen the surface charge. The ions of the opposite charge that are attracted by
the surface are called counterions. As a consequence, its effect extends over a length ℓD and not over the
whole solution.

The consequence of having free charges (here, ions) in a medium is thus very different of the conse-
quence of having bound charges, as in a polarizable medium. The bound charges modify the permittivity,
but they do not change the nature of the interactions: the electrostatic interaction becomes weaker, but
it remains long ranged. On the contrary, free charges modify the nature of the electrostatic interaction
by making it short range. That the Debye length decreases with the salt concentration means that, if
there are more ions in the solution, they can screen a charge over a shorter length.

2.6 Nonlinear solution of the Poisson-Bolzmann equation
We now investigate the effect of the nonlinearity of the Poisson-Boltzmann equation, restricting ourselves
to the case of a symmetric monovalent salt. The Poisson-Boltzmann equation (66) becomes

∇2V (r) =
2qns

ϵ
sinh

(
qV (r)

kBT

)
. (82)

Introducing the reduced potential

ψ(r) =
qV (r)

kBT
=
V (r)

Vc
, (83)

and using the Debye length, it takes a simpler form:

∇2ψ(r) = ℓ−2
D sinh(ψ(r)). (84)

We now write this equation in the half-space x > 0 bounded by a charged surface at x = 0, using the
reduced length w = x/ℓD:

∂2wψ(w) = sinh(ψ(w)). (85)

It takes a few lines to check that the solution to this equation is

tanh

(
ψ(w)

4

)
= tanh

(
ψs

4

)
exp(−w). (86)

So that the solution as a function of x reads

tanh

(
ψ(x)

4

)
= tanh

(
ψs

4

)
exp

(
− x

ℓD

)
. (87)

It is immediate to check that in the limit where |ψ(x)| ≪ 1, this solution reduces to the solution (75) of
the linear equation.

We can now relate the surface potential ψs to the surface charge σ. As in the linear case, we should
have

E(0+) = σ/ϵ = −∂xV (0+) = −Vc∂xψ(0
+). (88)

In order to get the derivative of the potential, we differentiate the relation (87):

∂xψ(x)

4
cosh

(
ψ(x)

4

)−2

= −ℓ−1
D tanh

(
ψs

4

)
exp

(
− x

ℓD

)
, (89)
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where we have used that tanh′ = cosh−2. We thus get

∂xψ(0
+) = − 2

ℓD
sinh

(
ψs

2

)
. (90)

Combining the equations above, we arrive at

sinh

(
ψs

2

)
=
σℓD
2ϵVc

=
σℓDq

2ϵkBT
=
ℓD
ℓB

=
Σ

2
, (91)

where we have defined the reduced surface charge

Σ =
σℓDq

ϵkBT
. (92)

We can identify two regimes in the relation (91). If Σ ≪ 1, the solution is

ψs = Σ. (93)

With dimensional variables, it means that

Vs = Vcψs =
σℓD
ϵ

; (94)

we recover the Debye-Hückel limit. If Σ ≫ 1, then we should also have ψs ≫ 1, so that sinh(ψs/2) ≃
exp(ψs/2)/2, which allows us to extract ψs:

ψs = 2 lnΣ. (95)

In this situation, the nonlinearity of the Poisson-Bolzmann equation makes the screening is more efficient
and the surface potential increases only weakly with the surface charge. We note that, in the large surface
charge regime, far enough for the surface, the solution (87) can be linearized so that

ψ(x) = 4 tanh

(
ψs

4

)
exp

(
− x

ℓD

)
. (96)

We recover the solution when the surface charge is small, Eq. (75), for an effective surface potential

ψs,eff = Σeff = 4 tanh

(
ψs

4

)
= 4

Σ− 1

Σ + 1
, (97)

so that Σeff → 4 when Σ → ∞, meaning that no surface charge appears larger then Σeff = 4 at any
distance from the surface. Another way to see this effect is that from the non-linear solution (87), we
have the inequality

tanh

(
ψ(x)

4

)
≤ exp

(
− x

ℓD

)
. (98)

The reduced potential is bounded by a quantity that does not depend on the surface charge.
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